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We use notations as follows:

For sets A and B, let

AUB :={z|z€ Aorxz € B} (the union)
ANB:={z|z € Aand z € B} (the intersection)
A=A A2 = Ax A A3 =AxAx A=A %A, ...

A\B:={z|r € Aand x ¢ B} (the set difference)
Ax B:={(a,b)|a € A,be€ B} (the Cartesian product)
If ANB=(,let A]] B mean AU B (the disjoint union (the direct union)).

As for sets of (some) numbers, we use the following notations

N:={1,2,3,...} (the set of natural numbers)

Z:={0,£1,+£2,£3,...} (the set of integers)

Lo :={2€Z|z>0} =N][J{0} (the set of non-negative integers)
Q:={Z|mmnecZ n#0} (the set of rational numbers)

R := {lim, o0 ap | a, € Q(n € N)and lim,,_, a, converges} (the set of rational
numbers)

R := {lim, o an | a, € Q(n € N)and lim,,_, a, converges}

C:={a+ib|a,b € R} (the set of complex numbers, where i = v/—1)

We also use the following notations. For z,y € R, let J, , :={n € Z|z <n < y}.
Forz e R let J, o :={n€Z|n>z}and J o, :={ne€Z|n<x}.

1 Elementary proof of the associative law of A[[x]]
For a set A, let

A%zo0 .= {(ar)2y = (ag,a1,az,...) |ax € A(k € Z>o)}
(the set of infinite sequences in A whose first element is called the 0-th one).

Definition 1.1. Let K be a non-empty set. We call K field if the following maps
+ and - are given and the following axioms (K1)-(K10) are fulfilled, where + and



- are called the sum and the multiplication respectively.

+:KxK—=K,(a,b) ~»a+b
K xK—=K,(a,b) — ab

(K1) Va,Vb,VceK, (a+b)+c=a+ (b+c)
(K2) Va,VbeK,a+b=b+a

(K3) F0eK,VaeK, a+0=a

(K4) VaeK,I—a€eK, a+(—a)=0

(K5)  Va,Vb,Ve € K, (ab)e = a(bc)

(K6) Va,VbeK, ab = ba

(K7) Va,Vb,VceK, a(b+ c) = ab+ ac

(K8) dJ1eK,VaeK, la=a

(K9) VaeK\{0},da'eK, aa™t =1
(K10) 1#0

Definition 1.2. Let K be a field. Let V' be a non-empty set. We say thet V'
is a linear space over K if the following maps + and - are given and the following
axioms (V'1)-(V8) are fulfilled, where 4+ and - are called the sum and the scolor-
product respectively.

+:VxVoV(y —z+y
2 KxV =V (azx)— ax

(V1) Va,VyeV,z+y=y+uz

(V2) Va,VyVzeV, (x+y)+z=a+(y+2)
(V3) eV,VeeV,z+0=2x

(V4) VeeV,d—zeV,z+(—2)=0

(V5) VaeK, Va,VyeV, alr+y) =ar+ay
(V6) Va,VbeK,VreV, (a+b)x=ax+bx

(V7) Va,VbeK, Vx eV, (ab)x = a(bz)

(V8) VxeV,lz=x (1=1k € Kis a unit of K.)

Definition 1.3. Let K be a field.

(1) Let A be a linear space over K. Let +: Ax A — A, (a,b) — a+ b and
-t Kx A— A, (A a) — Aa be the sum and the scolor-product respectively. We
say that A is an associative K-algebra if the map - : A x A — A, (a,b) — ab,
called the multiplication, is given and fulfills the following axioms (A1)-(A5),
where the symbol - is the same as that of the scolor-product.

(A1) Va, Vb, Ve € A, (ab)c = a(bc)

(A2)  Va, Vb, Vce A, a(b+c) =ab+ ac
(A3) Va, Vb, Ve e A, (a+b)c = ac+ bc
(A4) d1=1,€ A Vace A la=al=a



(45) VA €K, Va, Vb € A, A(ab) = (Aa)b = a(\b)

(2) Let A be an associative K-algebra. Let B be a subset of A. We say that
B is a K-subalgebra of A if B is a linear K-subspace of A, 1 € B, and uv € B for
all u, v € B.

(3) Let A and B be associative K-algebras. Let f : A — B be a K-linear
homomorphism. We say that f is a K-algebra homomorphism if f(14) = 1 and
f(uv) = f(u)f(v) (u,v € A). For a K-linear homomorphism f : A — B is a K-
linear homomorphism, if f is bijective, we say that f is a K-algebra isomorphism.
Notice that for a K-algebra isomorphism f : A — B, f~! : B — A is also a
K-algebra isomorphism.

(4) Let f: A— B be a K-algebra homomorphism. Let Im(f) := {f(u)|u €
A}. We call Im(f) the image of f. Notice that Im(f) is the K-subalgebra of A.
If f is injective, then we often identify A with Im(f). Whenever identify A and
Im(f), we identify u and f(u) for u € A.

Definition 1.4. Let K be a field. Let A be an associative K-algebra. For m,
neZand a, € A (k€ Jnn), let

n 0 if m > n,

E ap =< Ay if m =n,

k=m o ag) +a,  ifm<n.

We can easily see the following Lemma 1.5.

Lemma 1.5. Let K be a field. Let A be an associative K-algebra. Let n € N
and a;, b; € A (i € J1,).
(1)  Form € Jy,, we have (3 ;" a;) + (Z;L:m+1 aj) = r_ k.

2)  For a bijection o : Ji, — Jin, we have Y p_y Gok) = 2 iy Qs

(2)
(3)  We have S (s + b) = (S o) + (Sjoy ).
(4) Force A, we havec- (3 i ja;) = i yca; and (D a;)-c=> 1 ac.

The following Lemma 1.6 is the most essential in this note.

Lemma 1.6. Let K be a field. Let A be an associative K-algebra.
Let a;, bi, c € A (Z < Zzo)

For n € Zsq, we have the equation (#), below.

n n—k n s
(#)n Z Qg (Z brcn—k—r> = (Z atbs—t> Cn—s

k=0 r=0 =0 t=0



Proof. 1f n. = 0, we have ag(boco) = (apbo)co by (K5) of Definition 1.1 whence
(#)o holds.
Assume n > 1. Let ¢, := ¢;11 (i € Z>p). Then we have:

ot (000 b
= Z;é ay Zf:_(]f brcn_k_,,)> + a,(boco)  (by the definition of X)
= Z;é ay Z;:(’f_l byCr—po—r | + bn,kc())) + an(bocg)  (by the definition of X)
= (2050 (o (026" breaier ) + aulbuosen) ) ) + aulboco)
(By (K7) of Definition 1.1)
(i (o0 (S50 brenener) ) )+ (ZiZp lba-scn)) ) + anfloco
(0 AR (i + i) = (X0 i) + (1) 5i)

(
= (5050 (o (S5 beensn) ) )+ (S0 an(basn)) + an(bo)
(by (K1) of Definition 1.1

n—1
)

= (e (aw (20 chn_k_r)>> + (3 p—o @k(bu_kco))  (by the definition of X))

= Z:[l) Ak Zin:)l) kbrc((n 1)—k— r)+1))> +(ZZ:0 ak(bn,kCO))

= " (a Zingl)fk brCl1)—k—r + (3 p—o ak(by—kco))  (by the definition of ¢})

= (k00 (@ (X057 b

= (S (S abict) iy ) + (Simglasbuos)en) (b induction, e, (8),-1)

= (Z;:S (> abs—t) cn,s) + (D p—o(akbn_r)co)  (by the definition of ¢})
=3 Oy abs—t) ¢ (by the definition of X)

B

N

By Lemma 1.6, we can easily obtain the following Theorem 1.7.

Theorem 1.7. Let K be a field, and let A be a K-algebra. Then A%>0 is
regarded as the K-algebra by:

(Sum) (@) + ()20 = (ai + b))%y (@), ()2, € A=),
(Scalar product) A(a;)2y = (Aa;)2y (N €K, (a;)52, € AZ20),
(Product) (@)% - (0:)520 = (Xjmo ajbi )20 ((ai)Zg, (bi)32 € AP20).

Definition 1.8.  Keep the notation of Lemma 1.6.

(1)  We write A[[z]] := A%>0. Let f(z) = > a;x’ € Al[z]] (a; € A) mean
the element (a;)2, € A%z = A[[x]]. We call such f(z) the formal power series
in A. We call A[[z]] the formal power series K-algebra in A.

(2)  Define K-algebra homomorphism ¢ : A — A[[z]] by ¢(u) := >":2,(diou)x".
We identify A and Im(:). We identify v and ¢(u) for u € A. For n € Z>, let

" = Y2 (0im)2". Note 2° = 14 = lup). Let z := 2'. Note z™a™ = z™t"

n—1)—k—r + (> p—o(@kbn_r)co) (By (K5) of Definition 1.1)



(m,n € Zsp). Define the K-subalgebra A[z] of A[[z]] by
Alx] := {Z a;v' |n € Zso, a; € A(i € Jo,)}-
=0

We call an element of A[z]\K-1 a polynomial in A. We we call A[z] a polynomial
K-algebra in A.



