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Notation for some commonly used sets of numbers

N = {1, 2, 3, . . .} = {n | n is a natural number}
Z≥0 = {0, 1, 2, 3, . . .} = {n | n is a nonnegative integer}
Z = {. . . ,−2,−1, 0, 1, 2, . . .} = {n | n is an integer}
Q =

{
m
n

∣∣m ∈ Z, n ∈ Z \ {0}
}
= {x | x is a rational number}

R = {r | r is a real number}
Jx,y := {z ∈ Z | x ≤ z ≤ y} (x, y ∈ R)
Jx,∞ := {z ∈ Z | z ≥ x} (x ∈ R),
J−∞,y := {z ∈ Z | z ≤ y} (y ∈ R),
J−∞,∞ := Z
C = {z | z is a complex number} = {a+ bi | a, b ∈ R}
(i2 = −1, where i is the imaginary unit)
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Basics of Graphs By a graph in this course, we do not

mean a “bar graph” or a “pie chart.” Instead, we consider graphs

formed by connecting vertices ◦ with edges .
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A point ◦ is called a vertex, and a line is called an edge.
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We sometimes assign labels to the vertices.

 

a 

b 

c 
d 

e 

f 

Let V denote the set of vertices of this graph. Then V = {a, b, c, d, e, f}.
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Vertices are sometimes assigned labels.

 

a 

b 

c 
d 

e 

f 

Let V be the set of vertices of this graph. Then V = {a, b, c, d, e, f}.
An edge joining two vertices x and y is denoted by {x, y}. We have

{x, y} = {y, x}.
Let E be the set of edges of this graph. Then

E = {{a, b}, {b, c}, {c, d}, {c, f}, {d, e}, {e, f}}.
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A graph G is an ordered pair (V,E), where V is the set of vertices and

E is the set of edges.
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Path: A path joining two vertices x and y and passing through

the vertices z1, z2, . . . , zn is denoted by

xz1z2 · · · zny.

 

a 

b 

c 
d 

e 

f 
The path highlighted in red is denoted by bcde.
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Let G = (V,E) be a graph. If every pair of distinct vertices in G is

connected by a path, then G is called a connected graph.

 

は連結グラフ is a connected graph.
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The graph shown below is not connected. It is said to be a discon-

nected graph.

G =

 

a 

b 

c 
d 

e 

f 

g 

h 

i 

G = (V,E),

V = {a, b, c, d, e, f, g, h, i},
E = {{a, b}, {b, c}, {c, d}, {c, f}, {d, e}, {e, f}, {g, h}, {h, i}}.
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Let G = (V,E) be a graph. A connected subgraph of G is called a

connected component of G.

A rigorous definition is as follows.

Let x ∈ V . Let

V (x) := { y ∈ V | x and y are connected by a path } ∪ {x}.

E(x) := {{u, v} ∈ E | u, v ∈ V (x), {u, v} ∈ E}.

G(x) := (V (x), E(x)).

The subgraph G(x) of G is called the connected component of G con-

taining x.

The number of connected components of G is denoted by k(G).
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G =

 

a 

b 

c 
d 

e 

f 

g 

h 

i 

There are two connected components; thus

k(G) = 2.

G(a) = G(b) = G(c) = G(d) = G(e) = G(f).

G(g) = G(h) = G(i).
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Cycle: A path that starts at a vertex z1 and returns to z1, passing

through the vertices

z1, z2, . . . , zn, z1,

is denoted by

z1z2 · · · znz1
and is called a cycle.

 

a 

b 

c 
d 

e 

f 

The cycle highlighted in red is denoted by cdefc.
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Hamiltonian Cycle: A cycle that visits every vertex

exactly once is called a Hamiltonian cycle. A graph that contains a

Hamiltonian cycle is called a Hamiltonian graph.
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Applications of Hamiltonian Cycles
— Gray Code:

The following first and second figures show the one and two bit Gray

codes.

 

1 ビットグレイコード 

0 1 

2 ビットグレイコード 

00 01 

10 11 

1-bit Gray code.

2-bit Gray code.
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Applications of Hamiltonian Cycles
— 3-Bit Gray Code:

 

3 ビットグレイコード 

000 001 

010 

011 

100 101 

110 

111 

3-bit Gray code.
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The graph above is a Hamiltonian graph.

A Hamiltonian cycle is

000→ 001→ 011→ 010→ 110→ 111→ 101→ 100→ 000.

Notice that consecutive binary strings differ in exactly one bit.

Such an ordering of binary strings is called a Gray code.

Gray codes are useful in digital systems because only one bit changes

at a time, reducing errors during state transitions.

Gray codes were introduced by Frank Gray at Bell Laboratories in

1947. Gray’s original motivation was to reduce errors in the conver-

sion between analog signals and binary numbers. Because adjacent

codewords differ in only one bit, Gray codes are widely used in com-

munication systems, digital encoders, and error-sensitive switching cir-

cuits.
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The 3-bit Gray code shown above is obtained from a Hamiltonian

cycle of the 3-dimensional cube graph. More generally, a Hamiltonian

cycle of the n-dimensional cube graph produces an n-bit Gray code.
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Applications of Hamiltonian Cycles
— 4-Bit Gray Code:

 

4 ビットグレイコード 

1000 1001 

1010 

1011 

1100 1101 

1110 

1111 

0000 0001 
0010 

0011 

0100 
0101 

0110 

0111 

4-bit Gray code.
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Analog Operator
(Sender)

Analog
Transmitter

Relay
Operator

10110101

Analog-to-Digital
Converter

Robot
Operator

RECEIVE

Robot
Receiver

1010 1101 0110 1011
Digital Wireless Signal

From Analog Transmission
to Digital Relay
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—Theorem (Václav Chvátal (1973))—

Let G = (V,E) be a graph, where V = {v1, . . . , vn} is the vertex

set and E is the edge set.

Let 1 ≤ m < n. Choose m vertices from v1, . . . , vn and relabel them

as w1, . . . , wm.

Define a subgraph H = (W,F ) of G by

W = {w1, . . . , wm}, F = {{x, y} | x, y ∈ W and {x, y} ∈ E}.

Then the following statement holds:

k(H) > n−m =⇒G is not Hamiltonian

—————————————

22



Historical Remark. The study of necessary conditions for Hamiltonian
graphs has a long history. A particularly influential contribution was made
by Václav Chvátal in 1973. For a graph G, let S be a set of vertices and
let k(G − S) denote the number of connected components of the graph
obtained by removing the vertices of S. Chvátal introduced the notion of
toughness and proved that every Hamiltonian graph satisfies

k(G− S) ≤ |S|

for every vertex set S. The theorem above is a reformulation of this neces-
sary condition. Indeed, if H is obtained by deleting n−m vertices from G
and satisfies

k(H) > n−m,

then G cannot contain a Hamiltonian cycle. Thus the theorem provides a

simple and powerful method for proving that a graph is not Hamiltonian.
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G = (V,E) =

 

V = {v1, v2, v3, v4, v5, v6, v7, v8}
E = {{v1, v2}, {v1, v5}, {v1, v7}, {v2, v3}, {v3, v4}, {v3, v8},

{v4, v5}, {v5, v6}, {v6, v7}, {v7, v8}}
n = 8, k(G) = 1
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Choose the vertices v1, v2, v4, v6, v8 from V ,

and denote them by w1, w2, w3, w4, w5.
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We obtain the following induced subgraph H = (W,F ).

H = (W,F ) =

 W = {w1, w2, w3, w4, w5}, F = {{w1, w2}}, m = 5, k(H) = 4.

Since

n−m = 8− 5 = 3 < 4 = k(H),

we have k(H) > n−m. Therefore, by the theorem, G is not a Hamil-

tonian graph.
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Degree: Let G = (V,E) be a graph. For a vertex v ∈ V , the

number of vertices w ∈ V that are adjacent to v (that is, {v, w} ∈ E)

is called the degree of v and is denoted by d(v).

 

d(v1) = 3, d(v2) = 2, d(v3) = 3, d(v4) = 2, d(v5) = 3, d(v6) = 2,

d(v7) = 3, d(v8) = 2.

27



—Dirac’s Theorem (1952)————————

Let G = (V,E) be a graph, where V = {v1, . . . , vn} is the vertex set

and E is the edge set. Assume that n ≥ 3.

Then the following statement holds.

If d(vi) ≥
n

2
(1 ≤ i ≤ n),

then G is a Hamiltonian graph.

——————————————————————
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Historical Remark. This theorem was proved by Gabriel Andrew

Dirac in 1952. It is one of the most famous results in graph theory and

provides a simple sufficient condition for the existence of a Hamilto-

nian cycle. The theorem states that if every vertex is connected to at

least half of the vertices of the graph, then the graph is guaranteed to

contain a Hamiltonian cycle. Dirac’s theorem was one of the earliest

general results giving a practical criterion for determining whether a

graph is Hamiltonian. It has inspired much subsequent research on

Hamiltonian cycles and graph connectivity.

Later, several important extensions and refinements were obtained,

including results due to Øystein Ore, whose theorem (1960) states

that a graph is Hamiltonian whenever

d(u) + d(v) ≥ n

for every pair of non-adjacent vertices u and v.
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n = 6, V = {v1, v2, v3, v4, v5, v6}
d(v1) = d(v2) = d(v3) = d(v4) = d(v5) = d(v6) = 3
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Palmer’s Algorithm (cf. Palmer, 1997)
Let G = (V,E) be a graph, where V = {v1, . . . , vn} is the vertex set.

Assume that G = (V,E) satisfies the hypothesis of Dirac’s theorem.

Step 0: If

{vi, vi+1} ∈ E (1 ≤ i ≤ n− 1)

and

{vn, v1} ∈ E,

then no further action is necessary. Otherwise, proceed to Step 1.
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Step 1: If

{vi, vi+1} /∈ E,

reorder

v1, . . . , vn

as

vi, vi+1, . . . , vn, v1, . . . , vi−1,

and relabel the resulting sequence as

v1, . . . , vn.

If {vn, v1} /∈ E, reorder v1, . . . , vn as vn, v1, v2, . . . , vn−1, and again

relabel the resulting sequence as v1, . . . , vn .

In either case, we obtain

{v1, v2} /∈ E,

and proceed to Step 2.
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Step 2: There exists an integer i satisfying

3 ≤ i ≤ n− 1,

such that

{v1, vi} ∈ E and {v2, vi+1} ∈ E.

Reorder

v1, . . . , vn

as

v1, vi, vi−1, . . . , v2, vi+1, vi+2, . . . , vn,

and relabel the resulting sequence as

v1, . . . , vn.

Then return to Step 0.
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Since {v1, v2} /∈ E, the current ordering does not form a Hamiltonian

cycle. We therefore apply Step 2 of Palmer’s algorithm.

 

Reverse the order of v2 and v3.
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Apply Step 1: reorder the vertices so that v3 becomes the first vertex

and v1 becomes the last vertex.
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Apply Step 2: replace the sequence v2, v4, v5 with v5, v4, v2.
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Apply Step 1: move v5 to the left end and v3 to the right end.
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Apply Step 2: reverse the order of v4 and v2.
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Apply Step 1: reorder the vertices so that v6 becomes the first vertex

and v4 becomes the last vertex.
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Apply Step 2: reverse the order of v1 and v3.
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Finish: we have gotten a Hamiltonian cycle.
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—Ore’s Theorem (Ore, 1960)—————

Let G = (V,E) be a graph, where V = {v1, . . . , vn} is the vertex set

and E is the edge set. Assume that n ≥ 3.

Suppose that for every pair of vertices 1 ≤ i < j ≤ n,

{vi, vj} /∈ E =⇒ d(vi) + d(vj) ≥ n.

Then

G is a Hamiltonian graph.

——————————————————————
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Historical Remark.

The theorem was proved by Øystein Ore in 1960.

It generalizes Dirac’s theorem by replacing a lower bound on the

degree of each vertex with a condition on the degree sum of non-

adjacent vertices.

Ore’s theorem is one of the classical sufficient conditions for the

existence of a Hamiltonian cycle and has had a major influence on the

development of Hamiltonian graph theory.
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Next, we describe an algorithm of J. H. Conway, N. J. A. Sloane, and

A. R. Wilks (1989) (see also Rappaport–Strasser (1959) and Stein-

haus–Johnson–Trotter algorithm (1963)) for constructing Hamiltonian

cycles in the Cayley graphs of finite Coxeter groups.
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Amidakuji (Ladder Lottery)

 

A 

あ 

B C D E 

い え お う 
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An Amidakuji (also called a ladder lottery or ghost-leg) determines a

permutation of the numbers 1, 2, . . . , n.

Starting from the top, follow each vertical line downward. Whenever

a horizontal bar is encountered, move across it and continue downward.

In this way, each starting position is matched with exactly one end-

ing position, giving a permutation of {1, 2, . . . , n}.

Thus every Amidakuji defines an element of the symmetric group Sn,

which will be defined later.
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We represent an Amidakuji by a two-line notation.

 

1 

1 

2 3 4 5 

2 4 5 3 

=

(
1 2 3 4 5

5 1 3 4 2

)
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However, we regard two Amidakuji as the same whenever they deter-

mine the same destination for each starting position.

 

1 

1 

2 3 4 5 

2 4 5 3 

1 

1 

2 3 4 5 

2 4 5 3 

= =

(
1 2 3 4 5

5 1 3 4 2

)

An Amidakuji is determined entirely by the permutation that it represents.

Different drawings may correspond to the same permutation.
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We define the product of two Amidakuji by concatenating them.

 

× ＝ ＝ 

(
1 2 3 4 5

5 2 3 1 4

)
×

(
1 2 3 4 5

3 2 4 5 1

)

=

(
1 2 3 4 5

3 2 1 4 5

)
.
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In terms of permutations, the product is obtained by first following

the left Amidakuji and then the right Amidakuji.

Thus the set of all Amidakuji on n strands is closed under this

operation.

53



The following show the ‘opposite’ product for the one of the above

sheet.

 

× ＝ ＝ 

(
1 2 3 4 5

3 2 4 5 1

)
×

(
1 2 3 4 5

5 2 3 1 4

)

=

(
1 2 3 4 5

1 2 4 3 5

)
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It means that generally the ‘opposite’ product is not the same as the

original one. (
1 2 3 4 5

5 2 3 1 4

)
×

(
1 2 3 4 5

3 2 4 5 1

)

=

(
1 2 3 4 5

3 2 1 4 5

)
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Now let us multiply the same two Amidakuji in the opposite order.

 

× ＝ ＝ 

(
1 2 3 4 5

3 2 4 5 1

)
×

(
1 2 3 4 5

5 2 3 1 4

)

=

(
1 2 3 4 5

1 2 4 3 5

)
.
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This example shows that the order of multiplication matters.(
1 2 3 4 5
5 2 3 1 4

)
×
(

1 2 3 4 5
3 2 4 5 1

)
=

(
1 2 3 4 5
3 2 1 4 5

)
(

1 2 3 4 5
3 2 4 5 1

)
×
(

1 2 3 4 5
5 2 3 1 4

)
=

(
1 2 3 4 5
1 2 4 3 5

)
.

Therefore, in general,

AB ̸= BA.

That is, multiplication of Amidakuji (equivalently, permutations) is

generally not commutative.
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Let Sn denote the set of all Amidakuji with n vertical strands.

Sn =

{(
1 2 · · · n

i1 i2 · · · in

) ∣∣∣∣∣ 1 ≤ i1, i2, . . . , in ≤ n,

i1, i2, . . . , inare distinct

}
.

Since each element of Sn corresponds to a permutation of 1, 2, . . . , n,

the number of elements of Sn is n!.

|Sn| = n!

The set Sn, together with the multiplication defined above, is called

the symmetric group of degree n.

The term group is one of the fundamental concepts of modern alge-

bra in mathematics.
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The atoms (simple transpositions) of Sn are

si =

(
1 · · · i− 1 i i+ 1 i+ 2 · · · n
1 · · · i− 1 i+ 1 i i+ 2 · · · n

)
∈ Sn (1 ≤ i ≤ n−1).

=

 

1 i-1 i n i+1 i+2 

1 i-1 i n i+1 i+2 

The permutation si exchanges i and i + 1 and fixes all other numbers. In

terms of Amidakuji, si consists of a single horizontal bar joining the i-th

and (i+ 1)-st strands.
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The Cayley graph of the Amidakuji group Sn.

The vertex set is Sn, and the edge set is

E = {{x, xsi} | x ∈ Sn, 1 ≤ i ≤ n− 1}.

The graph with vertex set Sn and edge set E is called the Cayley

graph of Sn.

Two vertices x and y are joined by an edge if y = xsi or ysi = x.

In other words, an edge corresponds to multiplying by a simple

transposition.
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s1 s1 

s1 

s2 

s2 s2 

は 

と同じ 

n=3 のとき 

s1= 

s2= 

Cayley graph of S3

=123

213

132

231

312

321

61



Cayley graph of S4

 

s1 s1 

s1 

s1 

s1 

s1 

s1 s1 

s1 s1 

s1 

s1 

s2 

s2 

s2 
s2 

s2 

s2 

s2 

s2 s2 

s2 s2 
s2 

s3 

s3 

s3 

s3 s3 

s3 

s3 

s3 

s3 

s3 

s3 s3 

1234

1243

1324

1342

1432

1423

3142

4132

3124

3412

4312

4123

3214

3421

4321

4213

3241

4231

2314

2341

2431

2413

2134

2143
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How to obtain a Hamiltonian cycle
for Sn.

The crucial observation is that the generators si and sj commute when-

ever |i− j| ≥ 2, namely,

sj sj

si

si

(|i− j| ≥ 2)

In particular, |i− j| ≧ 2, we have sisn = snsi for 1 ≤ i ≤ n− 2. So we

can have a Hamiltonian cycle on an induction on n in the way; find i

with 1 ≤ i ≤ n− 2. Then
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sn sn

si

si

sk

sk

sr

sr

We cut the cycle along the two opposite edges labelled si and re-

connect the resulting paths using the two edges labelled sn. That is,

the above configuration is replaced by the following one.

sn sn

si

si

sk

sk

sr

sr
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s1 s1 

s1 

s1 

s1 

s1 

s1 s1 

s1 s1 

s1 

s1 

s2 

s2 

s2 
s2 

s2 

s2 

s2 

s2 s2 

s2 s2 
s2 

s3 

s3 

s3 

s3 s3 

s3 

s3 

s3 

s3 

s3 

s3 s3 

65



 

s1 s1 

s1 

s1 

s1 

s1 

s1 s1 

s1 s1 

s1 

s1 

s2 

s2 

s2 
s2 

s2 

s2 

s2 

s2 s2 

s2 s2 
s2 

s3 

s3 

s3 

s3 s3 

s3 

s3 

s3 

s3 

s3 

s3 s3 

66



 

s1 s1 

s1 

s1 

s1 

s1 

s1 s1 

s1 s1 

s1 

s1 

s2 

s2 

s2 
s2 

s2 

s2 

s2 

s2 s2 

s2 s2 
s2 

s3 

s3 

s3 

s3 s3 

s3 

s3 

s3 

s3 

s3 

s3 s3 
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s1 s1 

s1 

s1 

s1 

s1 

s1 s1 

s1 s1 

s1 

s1 

s2 

s2 

s2 
s2 

s2 

s2 

s2 

s2 s2 

s2 s2 
s2 

s3 

s3 

s3 

s3 s3 

s3 

s3 

s3 

s3 

s3 

s3 s3 

68



 

s1 s1 

s1 

s1 

s1 

s1 

s1 s1 

s1 s1 

s1 

s1 

s2 

s2 

s2 
s2 

s2 

s2 

s2 

s2 s2 

s2 s2 
s2 

s3 

s3 

s3 

s3 s3 

s3 

s3 

s3 

s3 

s3 

s3 s3 

We got a Hamiltonian cycle!
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Generalized Root Systems (Heckenberger-Yamane (2008), Cuntz-

Heckenberger (2009), Yamane (2016))

Let Jx,y := {z ∈ Z | x ≤ z ≤ y}. Fix n ∈ N and set

A = {t(a1, . . . , an) ∈ Rn | ai ∈ Z (∈ J1,n)}.

For K = {k1, . . . , kn} ⊂ A, we say that K is a Z-basis if

A = Zk1 ⊕ · · · ⊕ Zkn (i.e., det(tk1, . . . ,
tkn) = ±1).

Let R be a subset of A. Let B̃ denote the set of all Z-bases of A.

For Π ∈ B̃, define

A±
Π :=

{∑
α∈Π

nαα
∣∣∣ nα ∈ ±Z≥0

}
, and R±

Π := R ∩ A±
Π.

Define

BR :=
{
Π ∈ B̃

∣∣∣ R = R+
Π ∪R−

Π

}
.
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Let B be a subset of BR. We say that (R,B) is a generalized root

system (on A) if R ̸= ∅ and B ̸= ∅, and the following conditions

(♯1)-(♯2) is satisfied.

(♯1): For every Π ∈ B and every α ∈ Π,

Zα ∩R = {α,−α}.

(♯2): For every Π ∈ B and every α ∈ Π, there exists Π(α) ∈ B such

that

R+
Π ∩R−

Π(α) = {α}.
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Let (R,B) be a generalized root system and assume that |R| <∞.

Such a generalized root system is called a finite generalized root

system. When |R| < ∞, one has B = BR. Hence, in this case, we

simply write (R,B) as R.
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The finite generalized root system of the diagonal Nichols algebra
appearing as No. 9 in the rank-2 classification table

of Heckenberger’s classification list of diagonal Nichols algebras (2010)

α

β
α + β 2α + β

α + 2β

−α

−β−α− β−2α− β

−α− 2β
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α

β
α + β 2α + β

α + 2β

−α

−β−α− β−2α− β

−α− 2β
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α

β
α + β 2α + β

α + 2β

−α

−β−α− β−2α− β

−α− 2β
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α

β
α + β 2α + β

α + 2β

−α

−β−α− β−2α− β

−α− 2β
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α

β
α + β 2α + β

α + 2β

−α

−β−α− β−2α− β

−α− 2β
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α

β
α + β 2α + β

α + 2β

−α

−β−α− β−2α− β

−α− 2β

78



−α

−β
−α− β−2α− β

−α− 2β

α

β α + β−2α− β

α + 2β
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−α

−β
−α− β−2α− β

−α− 2β

α

β α + β 2α + β

α + 2β
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−α

−β
−α− β−2α− β

−α− 2β

α

β α + β 2α + β

α + 2β
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−α

−β
−α− β−2α− β

−α− 2β

α

β α + β 2α + β

α + 2β
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−α

−β
−α− β−2α− β

−α− 2β

α

β α + β 2α + β

α + 2β
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Finite generalized root systems were classified by Cuntz-Heckenberger

(2015).

For a finite generalized root system R = (R,B), define a graph (V,E)

by

V = B

(the vertex set) and

E =
{
{Π,Π(α)} | Π ∈ B, α ∈ Π

}
(the edge set).

We call (V,E) the Cayley graph of R.

Theorem 1. (Yamane (2022), Inoue–Yamane (2024)) The Cayley

graph of every finite generalized root system R admits a Hamiltonian

cycle.
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The Cayley graph of
the finite generalized root system of the diagonal Nichols algebra

appearing as No. 9 in the rank-2 classification table
of Heckenberger’s classification list of diagonal Nichols algebras (2010)

{α, β}

{−α, 2α + β}

{α + β, −2α− β}{−α− β, α + 2β}

{β, −α− 2β}

{−β, −α}

{−2α− β, α}

{2α + β, −α− β} {−α− 2β, α + β}

{α + 2β, −β}
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The following is the Cayley graph of the finite generalized root system

associated with the Lie superalgebra D(2, 1; x), where

R+
Πa

= {αa
1, α

a
2, α

a
3, α

a
1 + αa

2, α
a
1 + αa

3, α
a
2 + αa

3, α
a
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2 + αa
3},
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= {αb
1, α

b
2, α

b
3, α

b
1 + αb

2, α
b
2 + αb

3, α
b
1 + αb

2 + αb
3, α

b
1 + 2αb

2 + αb
3},

R+
Πc

= {αc
1, α

c
2, α

c
3, α

c
1 + αc

2, α
c
1 + αc

3, α
c
1 + αc

2 + αc
3, 2α

c
1 + αc

2 + αc
3},

R+
Πd

= {αd
1, α

d
2, α

d
3, α

d
1 + αd

3, α
d
2 + αd

3, α
d
1 + αd

2 + αd
3, α

d
1 + αd

2 + 2αd
3}.
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An−1 Type: R = {εi − εj | i, j ∈ J1,n, i ̸= j},
B = {{αi = εki − εki+1

(i ∈ J1,n−1)} | {kt|t ∈ J1,n} = J1,n}

Bn Type: R = {aεi + bεj | i, j ∈ J1,n, i < j, a, b ∈ {±1}} ∪{aεi | i ∈
J1,n, a ∈ {±1}},
B = {{αi = aiεki − ai+1εki+1

(i ∈ J1,n−1), αn = anεkn} | {kt|t ∈ J1,n} =
J1,n, at ∈ {±1}}
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A Hamiltonian cycle of the root system R of type A3, represented

using gym caps in four colors (equivalently, a Hamiltonian cycle of S4).

The figure below illustrates this cycle. The arrangements of the caps

correspond to the vertices, and two arrangements are connected by an

edge whenever one can be obtained from the other by interchanging

two adjacent caps.
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A Hamiltonian cycle of the root system R of type B3, represented

using gym caps in three colors, where each cap may also be turned

inside out. The figure below illustrates this cycle. The arrangements of

the caps correspond to the vertices. Two arrangements are connected

by an edge whenever one can be obtained from the other either by

interchanging two adjacent caps or by turning the rightmost cap inside

out.
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The following figures show the Cayley graphs of several rank-three generalized root systems with Hamiltonian

cycles. The Hamiltonian cycles are highlighted in red. Both the graphs and the Hamiltonian cycles were

generated using Mathematica.
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Dijkstra’s Algorithm (1956, 1959)

Let G = (V,E) be a finite connected graph. Assume that |V | ≥ 2.

Let w : E → N be a map.

Define a map M : V × V → Z≥0 by

M(u, v) =

0 (if u = v),

min{
k∑

i=1

w(yi−1, yi) | ∃k ∈ N, ∃yp ∈ V (p ∈ J0,k),

y0 = u, yk = v, {yp−1, yp} ∈ E (p ∈ J1,k)}
(if u ̸= v).

95



Theorem 2 (Dijkstra’s Algorithm (1956, 1959)). Let

N =
∑
e∈E

w(e).

Let s, t ∈ V with s ̸= t. Construct

n ∈ J1,|V |−1, fi : V → Z≥0 (i ∈ J0,n),

and

yi ∈ V (i ∈ J0,n)

by the following steps (algorithm).

Then

y0 = s and M(s, t) = fn(t)
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hold.

(Step 0) Set y0 = s, and define f0 by

f0(y0) = 0, f0(u) = N + 1 (u ∈ V \ {y0}).

Assume that

k ∈ J0,n−1, t /∈ {yi | i ∈ J0,k−1}.

Let

Tk = V \ {yi | i ∈ J0,k−1}.
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(Step 1)k Choose a vertex

z ∈ Tk

for which fk(z) is minimal among all vertices in Tk. Set yk = z.

(When k = 0, we have T0 = V .)

Then

fk(yk) ≤ N.

(Step 2)k If z = t, set

n = k, yn = t,

and terminate the algorithm.
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If z ̸= t, proceed to (Step 3)k.

(Step 3)k Define fk+1 by

fk+1(u) =


fk(z) + w(u, z) (u ∈ Tk \ {z}, {u, z} ∈ E,

fk(u) > fk(z) + w(u, z)),

fk(u) (otherwise).

(♯) M(s, u) ≤ fk+1(u) ≤ fk(u) (u ∈ V ).

(Step 4)k Proceed to (Step 1)k+1.
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Historical Remark on Dijkstra’s Algorithm

Dijkstra’s algorithm is one of the most important algorithms in com-

puter science. It was developed by the Dutch computer scientist Eds-

ger W. Dijkstra in 1956 and was published in 1959. The algorithm

was designed to solve the shortest-path problem in a weighted graph,

namely, to determine a path of minimum total weight from a given

vertex to all other vertices. Since its publication, Dijkstra’s algorithm

has become a fundamental tool in graph theory, optimization, opera-

tions research, and computer science.

A well-known anecdote is that Dijkstra conceived the main idea of

the algorithm in a short time while sitting at a cafe with his fiancee.

Its simplicity, elegance, and efficiency have made it one of the most

widely used algorithms in modern technology.
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Applications in Everyday Life: Dijkstra’s algorithm plays an im-

portant role in many aspects of our daily lives. One of its most familiar

applications is route navigation. GPS devices and online map services

use shortest-path algorithms to determine efficient routes between lo-

cations.

The algorithm is also used in communication networks, where data

packets must be transmitted through efficient routes on the Internet.

Further applications include transportation planning, airline schedul-

ing, logistics, robotics, and computer games. Whenever a problem

can be represented as finding an efficient path in a network, Dijkstra’s

algorithm or one of its variants is often employed.

Thus, although it was invented more than sixty years ago, Dijkstra’s

algorithm remains an indispensable component of modern information

technology and continues to influence both theoretical research and

practical applications.
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Find the least expensive route from the port to the town.
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s→ b→ d→ f → t the least expensive 6Yen円 route.

s

a

b

c

d

e

f

t

00

32 44 6

11 33 55

66
3

1

2

1

3

2

4

3

2

2

1

1

1

109



Let (V,E) be a graph with |V | = 6. The vertex set V and the edge

set E are defined by

V = {s, a, b, c, d, t}

and

E = {{s, a}, {s, c}, {a, b}, {a, c}, {b, c}, {b, d}, {b, t}, {c, d}, {d, t}}.

w({s, a}) = 1, w({s, c}) = 1, w({a, b}) = 1, w({a, c}) = 2, w({b, c}) =
1, w({b, d}) = 1, w({b, t}) = 1, w({c, d}) = 1, w({d, t}) = 1, N = 11
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y0 y1 y3 y2 y4 y5

s a b c d t

f0 0̂ 11 11 11 11 11

f1 0̂ 1̂ 11 1 11 11

f2 0 1̂ 2 1̂ 11 11

f3 0 1 2̂ 1̂ 2 11

f4 0 1 2̂ 1 2̂ 3

f5 0 1 2 1 2̂ 3̂

T0 = {s, a, b, c, d, t}, T1 = {a, b, c, d, t}, T2 = {b, c, d, t}, T3 = {b, d, t},
T4 = {d, t}, T5 = {t}
M(s, t) = 3
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The reverse path for determining the minimum-weight path is

(f5, y5)← (f4, y5)← (f4, y3)← (f3, y3)← (f2, y3)← (f2, y1)← (f1, y1)

← (f1, y0)← (f0, y0).

The resulting minimum-weight path is

y0 → y1 → y3 → y5 = s→ a→ b→ t.
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Ford-Fulkerson’s Algorithm (1956)

Let G = (V,E) be a finite connected graph. Assume that |V | ≥ 2.

Let c : E → R>0 be a map. Let s, t ∈ V satisfy s ̸= t. The vertex s is

called the source, and the vertex t is called the sink.

Let µ : V × V → J−1,1 be a map satisfying (µ1)-(µ4) below.

(µ1) µ(u, v) + µ(v, u) = 0 (u, v ∈ V )

(µ2) µ(u, v) ̸= 0 if and only if {u, v} ∈ E

(µ3) µ(s, v) = 1 ({s, v} ∈ E)

(µ4) µ(u, t) = 1 ({u, t} ∈ E)

A map f : E → R≥0 is called a flow of (V,E, s, t, µ, c) if it satisfies

(fl1) and (fl2) below.
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(fl1) For every {u, v} ∈ E,

f({u, v}) ≤ c({u, v}).

(fl2) For every u ∈ V \ {s, t},∑
{u,v}∈E

f({u, v})µ(u, v) = 0.

Let F denote the set of all flows of (V,E, s, t, µ, c).

For f ∈ F , define

vol(f) =
∑

v∈V, {s,v}∈E

f({s, v}).
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Then

vol(f) =
∑

u∈V, {u,t}∈E

f({u, t})

holds.

Define

M(F) = max{vol(f) | f ∈ F}.

The quantityM(F) is called the maximum flow of F .
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Theorem 3. (Ford-Fulkerson’s algorithm (1956))

Assume that c(E) ⊂ N. Let n ∈ Z≥0 and fi ∈ F (i ∈ J0,n) be

constructed by the following Steps (algorithm). Then

M(F) = vol(fn).

(Step 0) Define f0 ∈ F by

f0({u, v}) = 0 ({u, v} ∈ E).

(Step 1)0 Let m0 ∈ N and let

p0 : J0,m0 → V
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be an injective map satisfying

p0(0) = s, p0(m0) = t,

{p0(k), p0(k + 1)} ∈ E, µ(p0(k), p0(k + 1)) = 1 (k ∈ J0,m0−1).

(If no such p0 exists, then the algorithm terminates at (Step 0), and

M(F) = 0 and n = 0.)

(Step 2)0 Define

τf0(p0) = min{c({p0(k), p0(k + 1)}) | k ∈ J0,m0−1}.

(Step 3)0 Define f1 ∈ F by

f1({u, v}) =

{
τf0(p0) if {u, v} = {p0(k), p0(k + 1)} for some k ∈ J0,m0−1,

0 otherwise.
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for all {u, v} ∈ E.

Let x ∈ N with x ≥ 1.

(Step 1)x Let mx ∈ N and let

px : J0,mx → V

be an injective map satisfying

px(0) = s, px(mx) = t, {px(k), px(k + 1)} ∈ E (k ∈ J0,mx−1),

and

for each k ∈ J0,mx−1, either (α1) or (α2) holds:

(α1) µ(px(k), px(k + 1)) = 1 and fx({px(k), px(k + 1)}) < c({px(k), px(k + 1)}),

(α2) µ(px(k), px(k + 1)) = −1 and 0 < fx({px(k), px(k + 1)}).
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(If no such px exists, then the algorithm terminates at (Step 3)x−1,

and

M(F) = vol(fx), n = x.

)

(Step 2)x
Define

τ ′fx(px) = min{c({px(k), px(k + 1)})− fx({px(k), px(k + 1)}) |
k ∈ J0,mx−1, µ(px(k), px(k + 1)) = 1},

τ ′′fx(px) = min{fx({px(k), px(k + 1)}) |
k ∈ J0,mx−1, µ(px(k), px(k + 1)) = −1}.

Define

τfx(px) = min{τ ′fx(px), τ
′′
fx(px)} (> 0).
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(Step 3)x Define fx+1 ∈ F by

fx+1({u, v}) =

fx({u, v}) + τfx(px) if there exists k ∈ J0,mx−1 such that

{u, v} = {px(k), px(k + 1)} and µ(px(k), px(k + 1)) = 1,

fx({u, v})− τfx(px) if there exists k ∈ J0,mx−1 such that

{u, v} = {px(k), px(k + 1)} and µ(px(k), px(k + 1)) = −1,

0 otherwise.

for all {u, v} ∈ E.
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Historical Remark on Ford-Fulkerson’s Al-

gorithm

The Ford-Fulkerson algorithm was introduced by L. R. Ford, Jr.

and D. R. Fulkerson in 1956 in their study of transportation and com-

munication networks. It was the first systematic method for solving

the maximum-flow problem, namely, the problem of determining the

largest amount of material that can be sent from a source to a sink

through a network with capacity constraints.

The central idea of the algorithm is to start with the zero flow and to

increase the flow step by step along suitable paths from the source to

the sink. By repeatedly augmenting the current flow, one eventually

obtains a maximum flow. This simple but powerful idea became one

of the fundamental concepts of combinatorial optimization and graph
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theory.

The work of Ford and Fulkerson also led to the celebrated Max-Flow

Min-Cut Theorem, which states that the value of a maximum flow is

equal to the capacity of a minimum cut. This theorem is regarded

as one of the most important results in discrete mathematics and

optimization theory.
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Applications in Everyday Life

Ford-Fulkerson’s algorithm and its variants have numerous practical

applications. They are used in transportation networks to maximize

the movement of goods and passengers, in water-supply systems to

determine the greatest possible distribution of water, and in commu-

nication networks to maximize data transmission.

The algorithm is also employed in logistics, traffic engineering, air-

line scheduling, project planning, and computer vision. Modern Inter-

net infrastructure relies heavily on techniques derived from network-

flow theory.

Thus, the Ford-Fulkerson algorithm is not merely a theoretical result

in graph theory; it is an essential tool for solving many real-world

optimization problems involving the efficient use of limited resources.
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Find the route that allows the maximum amount of water

to flow from the port to the town.
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Send 2 tons of water.
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Send 1 additional ton along another path,
yielding a total flow of 3 tons.
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Send 1 more ton of water along another path,
making a total of 4 tons.
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Although some pipes carry less water,
1 more ton can be sent along another path,

giving a total flow of 5 tons.
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Hence, the maximum flow is 5.
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Example

V = {s, a, b, c, d, t},
E = {{s, a}, {s, b}, {a, b}, {a, c}, {a, d}, {b, d}, {c, d}, {c, t}, {d, t}},
µ(s, a) = 1, µ(s, b) = 1, µ(a, b) = −1, µ(a, c) = 1, µ(a, d) = 1,

µ(b, d) = 1, µ(c, d) = 1, µ(c, t) = 1, µ(d, t) = 1,

c({s, a}) = 1, c({s, b}) = 10, c({a, b}) = 3, c({a, c}) = 3, c({a, d}) =
1, c({b, d}) = 1, c({c, d}) = 1, c({c, t}) = 10, c({d, t}) = 10,
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{s, a} {s, b} {a, b} {a, c} {a, d} {b, d} {c, d} {c, t} {d, t}
µ 1 1 −1 1 1 1 1 1 1

c 1 10 3 3 1 1 1 10 10

f0 0 0 0 0 0 0 0 0 0

f1 1 0 0 1 0 0 0 1 0

f2 1 1 1 2 0 0 1 1 1

f3 1 2 1 2 0 1 0 2 1

f4 1 3 2 2 1 1 0 2 2

f5 1 4 3 3 1 1 1 2 3

n = 5, M(F) = 5 (∵ Let S and T = V \ S be as in the proof

of the Ford–Fulkerson theorem. Since S = {s, a, b} and t /∈ S, no

augmenting path exists. Hence, p5(·) cannot be found.)
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Young Diagrams and Representations of the Symmetric Group

Objective: For a Young diagram with n boxes, construct n−1 regular
matrices A1, . . . , An−1 satisfying

A2
i = E, AiAi+1Ai = Ai+1AiAi+1, AiAj = AjAi (|i− j| ≥ 2)
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Young Diagrams: Let

Λ := {λ = (λ1, λ2, λ3, · · · ) ∈ (Z≥0)
∞ | λ1 ≥ λ2 ≥ λ3 ≥ · · · , ∃i ∈ N, λi = 0}.

For λ ∈ Λ, define

ϕ := (0, 0, 0, · · · ) ∈ Λ.

For λ ∈ Λ \ {ϕ}, let

l(λ) := max{i ∈ N | λi > 0},

and write

λ = (λ1, . . . , λl(λ)).

Also, let l(ϕ) := 0 and write ϕ = (0).

The number l(λ) is called the depth of λ.
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The quantity

|λ| :=
∞∑
i=1

λi

is called the number of boxes of λ.

For λ = (λ1, . . . , λl(λ)) ∈ Λ, the diagram obtained by drawing λi

boxes in the i-th row is called the Young diagram associated with

λ. For example,

(3, 2) = , λ1 = 3, λ2 = 2, λ3 = 0, λ4 = 0, . . . , l(λ) = 2.

For n ∈ Z≥0, define

Λn := {λ ∈ Λ | |λ| = n}.
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Example:

Λ0 := {(0) = ϕ}, Λ1 := {(1) = }, Λ2 := {(2) = , (1, 1) = },

Λ3 := {(3) = , (2, 1) = , (1, 1, 1) = },

Λ4 := {(4) = , (3, 1) = , (2, 2) = , (2, 1, 1) = ,

(1, 1, 1, 1) = },

Λ5 := {(5) = , (4, 1) = , (3, 2) = ,

(3, 1, 1) = , (2, 1, 1, 1) = , (1, 1, 1, 1, 1) = },

141



Definition: For µ, λ ∈ Λ, we write

µ ⊂ λ

if

µi ≤ λi (∀i ∈ N).

Definition: For λ ∈ Λn, let STab(λ) denote the set of sequences

T = (ϕ = λ(0) ⊂ λ(1) ⊂ λ(2) ⊂ · · · ⊂ λ(n−1) ⊂ λ(n) = λ),

where λ(i) ∈ Λi for each i.

STab(ϕ) = {(ϕ)}, |STab(ϕ)| = 1
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STab( ) = {(ϕ ⊂ )}, |STab( )| = 1, 12 = 1 = 1!.

STab( ) = {(ϕ ⊂ ⊂ )}, STab( ) = {(ϕ ⊂ ⊂ )}, 12 + 12 =

1 + 1 = 2 = 2!

STab( ) = {(ϕ ⊂ ⊂ ⊂ )},
STab( ) = {(ϕ ⊂ ⊂ ⊂ ), (ϕ ⊂ ⊂ ⊂ )},
STab( ) = {(ϕ ⊂ ⊂ ⊂ )},
12 + 22 + 12 = 1 + 4 + 1 = 6 = 3!

|STab( )| = 1, |STab( )| = |STab( )|+ |STab( )| = 1+ 2 = 3,

|STab( )| = |STab( )| = 2

|STab( )| = |STab( )| = 3

|STab( )| = 1

12 + 32 + 22 + 32 + 12 = 1 + 9 + 4 + 9 + 4 + 1 = 24 = 4!
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STab( ) = {T1 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ )},

STab( ) = {T1 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T2 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T3 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T4 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ) }

STab( ) = {T1 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T2 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T3 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T4 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T5 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ )}

STab( ) = {T1 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T2 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

144



T3 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T4 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T5 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T6 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ), }

12 + 42 + 52 + 62 + 52 + 42 + 12 = 1 + 16 + 25 + 36 + 25 + 16 + 1 =

2 + 32 + 50 + 36 = 50 + 70 = 120 = 5!

Theorem. For every n ∈ N,∑
λ∈Λn

∣∣STab(λ)∣∣2 = n!.
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Comment. The theorem is one of the fundamental results in the rep-

resentation theory of the symmetric group Sn. The number |STab(λ)|
is equal to the dimension of the irreducible representation of Sn cor-

responding to the partition λ. Therefore, the identity∑
λ∈Λn

|STab(λ)|2 = n!

expresses the fact that the sum of the squares of the dimensions of all

irreducible representations of Sn is equal to the order of the group:

|Sn| = n!.

This theorem provides a combinatorial realization of the complete set

of irreducible representations of the symmetric group through Young

diagrams and standard Young tableaux.
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Proof. The case where n = 0. So assume n ≥ 1. Let λ ∈ Λn. We

clearly have:

(∗1) |STab(λ)| = δn,0 +
∑

µ∈Λn−1
µ⊂λ

|STab(µ)|

Let a := |{µ ∈ Λn−1 |µ ⊂ λ}| and b := |{ν ∈ Λn+1 | ν ⊃ λ}|. Then we

have

(∗2) a+ 1 = b. (Example: For λ = , we have a = 3 and b = 4)

We show:

(∗3)
∑

ν∈Λn+1
λ⊂ν

|STab(ν)| = (n+ 1)|STab(λ)|
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We have: ∑
ν∈Λn+1
λ⊂ν

|STab(ν)| =
∑

(µ,ν)∈Λn×Λn+1

λ⊂ν,λ⊂ν

|STab(µ)| (by (∗1))

= b|STab(λ)|+
∑

(µ,ν)∈Λn×Λn+1

λ⊂ν,λ⊂ν

|STab(µ)|

= (1 + a)|STab(λ)|+
∑

(γ,µ)∈Λn−1×Λn

γ⊂λ,γ⊂µ,λ ̸=µ

|STab(µ)| (by (∗2))

= |STab(λ)|+
∑

(γ,µ)∈Λn−1×Λn

γ⊂λ,γ⊂µ

|STab(µ)|

= |STab(λ)|+ n ·
∑

γ∈Λn−1
γ⊂λ

|STab(γ)| (by induction)

= |STab(λ)|+ n · |STab(λ)| (by (∗1))
= (n+ 1)|STab(λ)|,

which completes the proof of (∗3).
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Let θ(µ, λ) = 1 (if µ ⊂ λ) and = 0 (otherwise). Then we have:∑
λ∈Λn

|STab(λ)|2 =
∑

(µ,λ)∈Λn−1×Λn

µ⊂λ

|STab(λ)||STab(µ)| (by (∗1))

=
∑

(µ,λ)∈Λn−1×Λn

θ(µ, λ)|STab(λ)||STab(µ)|

=
∑

µ∈Λn−1

n|STab(µ)|2 (by (∗3)) = n! (by induction),

which completes the proof. 2
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Definition. Let Vλ be the real vector space with basis {vT | T ∈
STab(λ)}.
Then

dimVλ = |STab(λ)|.

For 1 ≤ i ≤ n− 1, define a linear map

Ai : Vλ → Vλ

as follows.

Let

T = (ϕ = λ(0) ⊂ λ(1) ⊂ · · · ⊂ λ(i−1) ⊂ λ(i) ⊂ λ(i+1) ⊂ · · · ⊂ λ(n) = λ) ∈ STab(λ).

Suppose that λ(i) is obtained from λ(i−1) by adding a box in row x

and column y, and that λ(i+1) is obtained from λ(i) by adding a box
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in row u and column v. Define

η(T ; i) :=
1

(v − u)− (y − x)
=

−1
(u− x) + (y − v)

.

Case 1. Suppose there exists X ∈ STab(λ) which differs from T

only in λ(i). Then define

AivT = η(T ; i)vT +
√
1− η(T ; i)2 vX .

Case 2. Suppose there does not exist X ∈ STab(λ) which differs

from T only in λ(i). Then define

AivT = η(T ; i)vT .

If u = x and v = y + 1, then

AivT = vT .
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If u = x+ 1 and v = y, then

AivT = −vT .

Theorem. There exists an irreducible representation

ρλ : Sn → GL(Vλ)

of the symmetric group Sn such that

ρλ((i, i+ 1)) = Ai (1 ≤ i ≤ n− 1).
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Example: λ = (2) =

STab( ) = {T1 = (ϕ ⊂ ⊂ )}
η(T1; 1) =

1
(x−y)−(u−v)

= 1
(1−1)−(1−2)

= 1

A1 =
[
1
]

Example: λ = (1, 1) =

STab( ) = {T1 = (ϕ ⊂ ⊂ )}
η(T1; 1) =

1
(x−y)−(u−v)

= 1
(1−1)−(2−1)

= −1

A1 =
[
−1

]
Example: λ = (3) =

STab( ) = {T1 = (ϕ ⊂ ⊂ ⊂ )},
η(T1; 1) =

1
(x−y)−(u−v)

= 1
(1−1)−(1−2)

= 1

A1 =
[
1
]

153



η(T1; 2) =
1

(x−y)−(u−v)
= 1

(1−2)−(1−3)
= 1

(−1)−(−2)
= 1

A2 =
[
1
]

Example: λ = (2, 1) =

STab( ) = {T1 = (ϕ ⊂ ⊂ ⊂ ),

T2 = (ϕ ⊂ ⊂ ⊂ )},

η(T1; 1) = 1
(x−y)−(u−v)

= 1
(1−1)−(1−2)

= 1, η(T2; 1) = 1
(x−y)−(u−v)

=
1

(1−1)−(2−1)
= −1

A1 =

[
1 0

0 −1

]
η(T1; 2) =

1
(x−y)−(u−v)

= 1
(1−2)−(2−1)

= −1
2
,

η(T2; 2) =
1

(x−y)−(u−v)
= 1

(2−1)−(1−2)
= 1

2
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√
1− (±1

2
)2 =

√
1− 1

4
=
√

3
4
=

√
3
2

A2 =

[
−1

2

√
3
2√

3
2

1
2

]

Example: λ = (3, 2) =

STab( ) = {T1 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T2 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T3 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T4 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ ),

T5 := (ϕ ⊂ ⊂ ⊂ ⊂ ⊂ )}
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A1 =


1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 −1 0

0 0 0 0 −1



√
1− (±1

2
)2 =

√
1− 1

4
=
√

3
4
=

√
3
2
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A2 =


1 0 0 0 0

0 −1
2

0
√
3
2

0

0 0 −1
2

0
√
3
2

0
√
3
2

0 1
2

0

0 0
√
3
2

0 1
2



√
1− (±1

3
)2 =

√
1− 1

9
=
√

8
9
= 2

√
2

3
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A3 =


−1

3
2
√
2

3
0 0 0

2
√
2

3
1
3

0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 −1



√
1− (±1

2
)2 =

√
1− 1

4
=
√

3
4
=

√
3
2
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A4 =


1 0 0 0 0

0 −1
2

√
3
2

0 0

0
√
3
2

1
2

0 0

0 0 0 −1
2

√
3
2

0 0 0
√
3
2

1
2


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Let q ∈ C be such that q ̸= 0 and qn ̸= 1 for all n ∈ N. For m ∈ Z, let
{m}q =

∑m−1
t=0 qt (ifm ≥ 1), = 0 (ifm = 0), and {m}q = −

∑−m
t=1(q

−1)t

(if m ≤ −1). For d ∈ Z with d ̸= 0, let

bd(q) = −
1

{d}q
and cd(q) =

√
{d+ 1}q

√
{−d+ 1}q√

{d}q
√
{−d}q

.

In a similar way to that for Ai, we define a linear map Bi : Vλ → Vλ

by

BivT =

{
bd(q)vT + cd(q) vX (Case 1),

bd(q)vT (Case 2),

where d = − 1
η(T ;i)

.
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Good property: We have

B2
i = (q − 1)Bi + qE, BiBi+1Bi = Bi+1BiBi+1, BiBj = BjBi (|i− j| ≥ 2)

(Iwahori-Hecke relations).

From this, we obtain the celebrated Jones polynomial. It is such a

powerful invariant that, for example, it can show that the following

two knots are genuinely different.

161



(the trefoil knot)
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(the mirror image of the trefoil knot)
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Historical Remark. The Jones polynomial was discovered by

Vaughan Jones in 1984 during his study of von Neumann algebras and

subfactors. Quite unexpectedly, his work produced a new polynomial

invariant of knots and links, now called the Jones polynomial. This

discovery had a profound impact on knot theory, since it provided a

powerful tool for distinguishing knots that could not be distinguished

by previously known invariants such as the Alexander polynomial.

Shortly afterwards, Jones’s discovery led to important connections

between knot theory, statistical mechanics, quantum groups, and rep-

resentation theory. In particular, many later knot invariants, includ-

ing the HOMFLY–PT polynomial and Kauffman polynomial, were in-

spired by the Jones polynomial. Today, the Jones polynomial remains

one of the central invariants in knot theory.
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Thank you for your attention.
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