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1 A Gröbner basis of a noncomutative ho-

mogeneous algebra

1.1 The semigroup of the sequences of integers

Let K be a field. Let N be the set of the positive integers. Let Z+ :=
{0} ∪ N. Throughout Sec. 1, we let n ∈ N be a fixed positive integer.
Let I := {i ∈ N|1 ≤ i ≤ n}. Let V := Z

n
+, i.e., V is the direct product of

n-copies of Z+.
Let Z := ∪∞

i=0I
i (disjoint). Here I i is the direct product of i-copies of

N for i ≥ 1, and we agree that I0 is the set formed by an only element
φ, i.e., I0 = {φ}. For α = (α1, . . . , αi) ∈ I i and β = (β1, . . . , βj) ∈ Ij,
we set αβ := (α1, . . . , αi, β1, . . . , βj) ∈ I i+j; we agree that αφ = φα = α.
We write α � β if γαδ = β for some γ, δ ∈ Z. We write α ≺ β if
α � β and α �= β. For α ∈ I i and j ∈ I, we denote by w(α)j the
number of the integers k such that 1 ≤ k ≤ i and αk = j; we agree that
w(φ)j = 0. Define the map w : Z → V by w(α) := (w(α)1, . . . , w(α)n).
Let |w(α)| := w(α)1 + · · · + w(α)n. For µ = (µ1, . . . , µn) ∈ V , let
Zµ := w−1(µ). For α, β ∈ Z, we write α < β if one of the following
holds.
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(1) |w(α)| < |w(β)|,
(2) |w(α)| = |w(β)|, and there exists a k ∈ {1, . . . , n} such that

w(α)u = w(β)u for u < k and w(α)k < w(β)k,
(3) w(α) = w(β), and there exists a k ∈ {1, . . . , |w(α)|} such that

αu = βu for u < k, and αk < βk,

For a subset S of Z, denote by min(S) the minimal element of S with
respect to ≤.

Let α ∈ I i and β ∈ Ij. If there exists k ∈ N such that 1 ≤ k <
min{i, j} and αi−k+u = βu for every 1 ≤ u ≤ k, we let α ∨k β :=
(α1, . . . , αi, βk+1, . . . , βj) ∈ I i+j−k, α \k β := (α1, . . . , αi−k) ∈ I i−k and
α/kβ := (βk+1, . . . , βj) ∈ Ij−k.

1.2 The free algebra generated by n-integers and its
homogeneous ideal

Let F be a free K-algebra with n-generators x1, . . . , xn. For α ∈ I i, let
xα := xα1 · · ·xαi

; we agree that xφ = 1. Then {xα|α ∈ Z} is a K-basis
of F . For µ ∈ V , let Fµ := ⊕α∈ZµKxα. For f =

∑
α∈Zµ

aαxα ∈ Fµ \ {0},
there exists a unique γ ∈ Zµ such that aγ �= 0 and aβ = 0 for every
β > γ; we denote the γ by t(f), and let T (f) := a−1

t(f)f . We also let

T (0) := 0.
An element of ⊕µ∈VFµ\{0} is call homogeneous. Denote by F ′ the set

of the homogeneous elements f of F with T (f) = f . Let G be a subset
of F ′. If the map from G to Z defined by sending f ∈ G to t(f) ∈ Z is
injective, then we call a subset G of F ′ admissible and denote by fα for
the element f ∈ G with t(f) = α; let t(G) := {t(f) ∈ Z|f ∈ G}.

Let G = {fα|α ∈ t(G)} be an admissible subset. Let f ∈ F ′ ∪ {0}.
Let Af := {α ∈ t(G)|t(f) � α} if f �= 0; if f = 0, let Af be an empty
set. If Af is empty, let Φ′

G(f) := f . If Af is not empty, let Φ′
G(f) :=

T (T (f)−xαfβxγ), where β = min(Af ), and α, γ ∈ Z are such that t(f) =
αβγ. Clearly there exists an i ∈ N such that (Φ′

G)i+1(f) = (Φ′
G)i(f); we

denote it by ΦG(f). Let B := {α ∈ t(G)|α ≺ β for some β ∈ t(G)}. If
B is empty, let Ξ′(G) = G. If B is not empty, let β = min(B) and
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Ξ′(G) = ((G \ {fβ}) ∪ {ΦG(fβ)}) \ {0}}. Let Ξ(G) := (Ξ′)∞(G). If G is a
finite set, Ξ(G) = (Ξ′)i(G) for some i ∈ N.

We say that a K-vector subspace I of F is a homogeneous ideal if
I = ⊕µ∈V(I ∩ Fµ) and if gf ∈ I and fg ∈ I for every g ∈ F and every
f ∈ I.

Let I be a homogeneous ideal of F . Let µ ∈ Z. Let Iµ := I ∩ Fµ.
Let C(I, µ) := {t(f) ∈ Zµ|f ∈ Iµ \ {0}} and B(I, µ) := Zµ \ C(I, µ).
For each α ∈ C(I, µ), we choose a gα ∈ Iµ \ {0} such that t(gα) = α
and T (gα) = gα. Then {gα|α ∈ C(I, µ)} is a K-basis of Iµ, and {gα|α ∈
C(I, µ)} ∪ {xβ|β ∈ B(I, µ)} is a basis of Fµ.

Let I be a homogeneous ideal of F . We say that an admissible subset
G = {fα|α ∈ t(G)} of I \ {0} is a Gröbner basis if:

(i) I =
∑

α,γ∈Z, β∈t(G) Kxαfβxγ

(ii) Ξ(G) = G
(iii) For every (α, β, k) ∈ t(G)2 × N such that α ∨k β can be defined,

we have

ΦG(fαxα/kβ − xα\kβfβ) = 0. (1.1)

Theorem 1.1. Let F be the free K-algebra introduced above. Let I be a
homogeneous ideal of F . Then there exists a Gröbner basis G = {fα|α ∈
t(G)} of I.

We can prove the theorem easily.

Lemma 1.1. Keep the notation in the above theorem. Let µ ∈ V be such
that Iµ �= {0}.

(1) For every α ∈ C(I, µ), there exists a gα ∈ Iµ such that gα =
xγfθxδ for some θ ∈ t(G) and some γ, δ ∈ Z.

(2) For each α ∈ C(I, µ), choose gα ∈ Iµ satisfying the property of
(1). Then {gα|α ∈ C(I, µ)} is a K-basis of Iµ.

(3) C(I, µ) = {α ∈ Zµ|α � γ for some γ ∈ t(G)}

Proof. Let f ′
α := fα − xα. Note that if f ′

α �= 0, t(f ′
α) < t(fα). We
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can prove the lemma by using (1.3) and the fact that

fαxβxγ − xαxβfγ (1.2)

= f ′
αxβxγ − xαxβf ′

γ

= f ′
αxβ(fγ − f ′

γ) − (fα − f ′
α)xβf ′

γ

= f ′
αxβfγ − fαxβf ′

γ

Q.E.D.

1.3 How to construct a Gröbner basis

For µ, ν ∈ V , we write µ  ν if there exist α, β ∈ Z such that w(α) = µ,
w(β) = ν and α  β. Let I be a homogeneous ideal of F . Let µ ∈ V.
Let I�µ := I ∩ (⊕ν�µFν).

We say that an admissible subset G = {fα|α ∈ t(G)} of I \ {0} is a
µ-restricted Gröbner basis if:

(i) I =
∑

α,γ∈Z, β∈t(G) Kxαfβxγ

(ii) Ξ(G ∩ I�µ) = G ∩ I�µ

(iii) For every (α, β, k) ∈ t(G)2×N such that α∨kβ with w(α∨kβ) � µ
can be defined, we have

ΦG(fαxα/kβ − xα\kβfβ) = 0. (1.3)

Let G be an admissible subset of I\{0}. Assume that for every ν ≺ µ,
G is a a ν-restricted Gröbner basis of I. Replace G by (G \ (G ∩ I�µ)) ∪
Ξ(G ∩ I�µ). Let S1 := {α ∈ t(G)|∃β, α ∨k β with w(α ∨k β) = µ can
be defined and ΦG(fαxα/kβ − xα\kβfβ) �= 0 }. If S1 = ∅, let Θ′

µ(G) := G.
Assume S1 �= ∅. Let α := min(S1). Let S2 := {β ∈ t(G)| α ∨k β with
w(α ∨k β) = µ can be defined and ΦG(fαxα/kβ − xα\kβfβ) �= 0 }. Let
β := min(S2). Let γ := α ∨k β and let fγ := ΦG(fαxα/kβ − xα\kβfβ). Let
Θ′

µ(G) := G ∪ {fγ}.
Let Θ′

µ(G) be as above. Let Θµ(G) := (Θµ)∞(G). then Θµ(G) is a
µ-restricted Gröbner basis of I.

By using Θµ for all µ, we have a Gröbner basis of I.
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By using a Gröbner basis, I checked that any of the defining

relations of the finite-type Lie superalgebras in my paper [Y0]

cannot be dropped. I have not yet checked the same for those

of the affine Lie superalgebras in [Y1].

2 Defining relations

Notation:
(ad+,a(X))(Y ) := [X, Y ]+,a := XY + aY X,

(ad−,a(X))(Y ) := [X, Y ]−,a := XY − aY X.

For m ≥ 1,
(
(ad+,a(X))

)m

(Y ) :=
(
(ad+,a(X))

)m−1

((ad+,a(X))(Y )) and(
(ad−,a(X))

)m

(Y ) :=
(
(ad−,a(X))

)m−1

((ad−,a(X))(Y )).

In this section, we always treat C(q
1
2 )-algebras.

2.1 Defining relations of Uq(ŝl(1|2),
1 2

0

�× −1

1 −1

���
�×
�� )

Theorem 2.1. Define the Cartan matrix A = (aij) and the parity

p(i) of ŝl(1|2) = A(1)(0, 1), the affine Lie superalgebra whose Dynkin

diagram is
1 2

0

�× −1

1 −1

���
�×
�� , by the following.

A =

 a00 a01 a02

a10 a11 a12

a20 a21 a22

 =

 0 1 −1
1 0 −1
−1 −1 2


p(0) = p(1) = 1, p(2) = 0.
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Then the defining relations of Uq(ŝl(1|2)) = Uq(ŝl(1|2),
1 2

0

�× −1

1 −1

���
�×
�� ) sat-

isfied by the generators

σ, K
± 1

2
0 , K

± 1
2

1 , K
± 1

2
2 , E0, E1, E2, F0, F1, F2,

are the following.


σ2 = 1, σK

± 1
2

i σ = K
± 1

2
i , σEiσ = (−1)p(i)Ei, σFiσ = (−1)p(i)Fi,

K
1
2
i K

− 1
2

i = K
− 1

2
i K

1
2
i = 1, K

1
2
i K

1
2
j = K

1
2
j K

1
2
i

K
1
2
i EjK

− 1
2

i = q
aij
2 Ej, K

1
2
i FjK

− 1
2

i = q−
aij
2 Fj,

EiFj − (−1)p(i)p(j)FjEi = δij
Ki−K−1

i

q−q−1{
E2

1 = E2
0 = 0, [E2, [E2, E1]−,q]−,q−1 = 0, [E2, [E2, E0]−,q]−,q−1 = 0,

[E0, [E1, [E0, [E1, E2]−,q]+,1]−,1]+,q−1 = [E1, [E0, [E1, [E0, E2]−,q]+,1]−,1]+,q−1{
F 2

1 = F 2
0 = 0, [F2, [F2, F1]−,q]−,q−1 = 0, [F2, [F2, F0]−,q]−,q−1 = 0,

[F0, [F1, [F0, [F1, F2]−,q]+,1]−,1]+,q−1 = [F1, [F0, [F1, [F0, F2]−,q]+,1]−,1]+,q−1

�

2.2. Defining relations of Uq(D
(1)(2, 1;−1),

1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

),

Uq(ŝl(2|2),
1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

) and Uq(A
(1)(1, 1),

1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

)
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D(1)(2, 1;−1), ŝl(2|2), A(1)(1, 1) are Lie superalgebras whose Dynkin
diagram is

1 2

0

3

−1 1

−1 1

��
��

�× ��
��

�×

or
1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

.

Notice that there is a canonical surjective map from D(1)(2, 1;−1) to

ŝl(2|2), and there is a canonical surjective map from ŝl(2|2) to A(1)(1, 1).
The D(1)(2, 1;−1) is the universal central extension of A(1)(1, 1) and it

is also the universal central extension of ŝl(2|2) (See [IK]; see also [Y2]).

D(1)(2, 1;−1) →→ ŝl(2|2) →→ A(1)(1, 1)

Theorem 2.2. Define the Cartan matrix A = (aij) and the parity
p(i) of A(1)(1, 1), the affine Lie superalgebra whose Dynkin diagram is

1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

, by the following.

A =


a00 a01 a02 a03

a10 a11 a12 a13

a20 a21 a22 a23

a30 a31 a32 a33

 :=


0 1 0 −1
1 0 −1 0
0 −1 0 1
−1 0 1 0


p(0) := p(1) := p(2) := p(3) := 1.

Then the defining relations of Uq(D
(1)(2, 1;−1)) = Uq(D

(1)(2, 1;−1),
1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

)
satisfied by the generators

σ, K
± 1

2
0 , K

± 1
2

1 , K
± 1

2
2 , K

± 1
2

3 , E0, E1, E2, E3, F0, F1, F2, F3,
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are the following.
σ2 = 1, σK

± 1
2

i σ = K
± 1

2
i , σEiσ = (−1)p(i)Ei, σFiσ = (−1)p(i)Fi,

K
1
2
i K

− 1
2

i = K
− 1

2
i K

1
2
i = 1, K

1
2
i K

1
2
j = K

1
2
j K

1
2
i

K
1
2
i EjK

− 1
2

i = q
aij
2 Ej, K

1
2
i FjK

− 1
2

i = q−
aij
2 Fj,

EiFj − (−1)p(i)p(j)FjEi = δij
Ki−K−1

i

q−q−1
E2

0 = E2
1 = E2

2 = E2
3 = 0,

[E2, [[E1, E2]+,q, E3]−,q−1 ]+,1 = 0, [E3, [[E2, E3]+,q−1 , E0]−,q]+,1 = 0,
[E0, [[E3, E0]+,q, E1]−,q−1 ]+,1 = 0, [E1, [[E0, E1]+,q−1 , E2]−,q]+,1 = 0,
F 2

0 = F 2
1 = F 2

2 = F 2
3 = 0,

[F2, [[F1, F2]+,q, F3]−,q−1 ]+,1 = 0, [F3, [[F2, F3]+,q−1 , F0]−,q]+,1 = 0,
[F0, [[F3, F0]+,q, F1]−,q−1 ]+,1 = 0, [F1, [[F0, F1]+,q−1 , F2]−,q]+,1 = 0,

�

We have the following in Uq(D
(1)(2, 1;−1),

1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

).{
[E2, [E1, E3]+,1]−,1 = 0, [E0, [E1, E3]+,1]−,1 = 0,
[E1, [E0, E2]+,1]−,1 = 0, [E3, [E0, E2]+,1]−,1 = 0,{
[F2, [F1, F3]+,1]−,1 = 0, [F0, [F1, F3]+,1]−,1 = 0,
[F1, [F0, F2]+,1]−,1 = 0, [F3, [F0, F2]+,1]−,1 = 0,

Hence [E1, E3]+,1, [E0, E2]+,1, [F1, F3]+,1, [F0, F2]+,1 are elements in the

center of Uq(D
(1)(2, 1;−1),

1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

).
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For i = 1, 2, 3, define the three automorphisms

Tωi
: Uq(D

(1)(2, 1;−1),
1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

) → Uq(D
(1)(2, 1;−1),

1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

)
by

Tωi
(σ) = σ,

Tωi
(Kj) = Kj, Tωi

(Ej) = Ej, Tωi
(Fj) = Fj for j �= i and j �= 0,

Tωi
(Ki) =

Ki

K0K1K2K3

, Tωi
(K0) = KiK0K1K2K3

Tω1(E1) = −[F2, [F3, F0]+,q]−,q−1

K0K1K2K3

K1

Tω1(F1) =
K1

K0K1K2K3

[E2, [E3, E0]+,q]−,q−1 ,

Tω1(E0) = −[[E1, E0]+,q−1 , [E2, [E3, E0]+,q]−,q−1 ]−,q,

Tω1(F0) = −[[F1, F0]+,q−1 , [F2, [F3, F0]+,q]−,q−1 ]−,q,

Tω2(E2) = −[[F1, [F3, F0]+,q]−,q−1

K0K1K2K3

K2

Tω2(F2) =
K2

K0K1K2K3

[[E1, [E3, E0]+,q]−,q−1 ,

Tω2(E0) = [[E2, [E1, E0]+,q−1 ]−,q, [E3, E0]−,q]−,q−1 ,

Tω2(F0) = −[[F2, [F1, F0]+,q−1 ]−,q, [F3, F0]−,q]−,q−1 ,

Tω3(E3) = −[F2, [F1, F0]+,q−1 ]−,q
K0K1K2K3

K3

Tω3(F3) =
K3

K0K1K2K3

[E2, [E1, E0]+,q−1 ]−,q,

Tω3(E0) = [[E3, [E2, [E1, E0]+,q−1 ]−,q]+,1, E0]−,1,

Tω3(F0) = [[F3, [F2, [F1, F0]+,q−1 ]−,q]+,1, F0]−,1
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The inverse T−1
ωi

satisfies the following.

T−1
ωi

(Ki) = Ki(K0K1K2K3), T−1
ωi

(K0) = K−1
1 K−1

2 K−1
3 ,

T−1
ω1

(E1) = [[E1, E0]+,q−1 , [[E1, E2]+,q, E3]−,q−1 ]−,q,

T−1
ω1

(F1) = [[F1, F0]+,q−1 , [[F1, F2]+,q, F3]−,q−1 ]−,q,

T−1
ω2

(E2) = −[[[E2, E1]+,q, E0]−,q−1 , [E2, E3]+,q−1 ]−,q,

T−1
ω2

(F2) = −[[[F2, F1]+,q, F0]−,q−1 , [F2, F3]+,q−1 ]−,q,

T−1
ω3

(E3) = [E3, [[[[E3, E2]+,q−1 , E1]−,q, E0]+,1]−,1,

T−1
ω3

(F3) = [F3, [[[[F3, F2]+,q−1 , F1]−,q, F0]+,1]−,1,

T−1
ω1

(E0) = −K−1
1 K−1

2 K−1
3 [[F1, F2]+,q, F3]−,q−1 ,

T−1
ω1

(F0) = [[E1, E2]+,q, E3]−,q−1K1K2K3,

T−1
ω2

(E0) = −K−1
1 K−1

2 K−1
3 [[F2, F3]+,q−1 , F1]−,q,

T−1
ω2

(F0) = −[[E2, E3]+,q−1 , E1]−,qK1K2K3,

T−1
ω3

(E0) = K−1
1 K−1

2 K−1
3 [[F3, F2]+,q−1 , F1]−,q,

T−1
ω3

(F0) = −[[E3, E2]+,q−1 , E1]−,qK1K2K3,

For i ∈ {1, 2, 3}, set

hi,+ :=
1

(K1K1K2K3)
1
2

[Ei, Tωi
(K−1

i Fi)]+,1,

hi,− := (K1K1K2K3)
1
2 [Fi, Tωi

(EiKi)]+,1,

For m ∈ Z, we have the following.

[h2,±, Tm
ω1

(E1)]−,1 =
1

(K1K1K2K3)
1
2

Tm∓1
ω1

(E1),

[h2,±, Tm
ω1

(F1)]−,1 = −(K1K1K2K3)
1
2 Tm±1

ω1
(F1),

[h1,±, Tm
ω2

(E2)]−,1 = − 1

(K1K1K2K3)
1
2

Tm∓1
ω2

(E2),

10



[h1,±, Tm
ω2

(F2)]−,1 = (K1K1K2K3)
1
2 Tm±1

ω2
(F2),

[h2,±, Tm
ω3

(E3)]−,1 = − 1

(K1K1K2K3)
1
2

Tm∓1
ω3

(E3),

[h2,±, Tm
ω3

(F3)]−,1 = (K1K1K2K3)
1
2 Tm±1

ω3
(F3).

Thus we can calculate Tm
ωi

(Ei) and Tm
ωi

(Fi) inductively. Then

Uq(ŝl(2|2),
1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

) is the quotient algebra

Uq(D
(1)(2, 1;−1),

1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

)/I of Uq(D
(1)(2, 1;−1),

1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

),
where I is the ideal generated by

[E1, T
−m
ω3

(E3)]+,1 (m ≥ 1), [F1, T
−m
ω3

(F3)]+,1 (m ≥ 1),

and

Ξ([E1, T
−m
ω3

(E3)]+,1) (m ≥ 1), Ξ([F1, T
−m
ω3

(F3)]+,1) (m ≥ 1),

where Ξ : Uq(D
(1)(2, 1;−1),

1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

) → Uq(D
(1)(2, 1;−1),

1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

)

is a C-algebra automorphism such that Ξ(q) = q−1, Ξ(σ) = σ, Ξ(K
± 1

2
1 ) =

K
± 1

2
2 , Ξ(K

± 1
2

2 ) = K
± 1

2
3 , Ξ(K

± 1
2

3 ) = K
± 1

2
0 , Ξ(K

± 1
2

0 ) = K
± 1

2
1 , Ξ(E1) = E2,

Ξ(E2) = E3, Ξ(E3) = E0, Ξ(E0) = E1, Ξ(F1) = F2, Ξ(F2) = F3,
Ξ(F3) = F0, Ξ(F0) = F1. (See [Y1].) Then we see the following.
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Theorem 2.3. Keep the notation as in the Theorem 2.2. Then the

defining relations of Uq(ŝl(2|2)) = Uq(ŝl(2|2),
1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

) satisfied by
the generators

σ, K
± 1

2
0 , K

± 1
2

1 , K
± 1

2
2 , K

± 1
2

3 , E0, E1, E2, E3, F0, F1, F2, F3,

are the following.
σ2 = 1, σK

± 1
2

i σ = K
± 1

2
i , σEiσ = (−1)p(i)Ei, σFiσ = (−1)p(i)Fi,

K
1
2
i K

− 1
2

i = K
− 1

2
i K

1
2
i = 1, K

1
2
i K

1
2
j = K

1
2
j K

1
2
i

K
1
2
i EjK

− 1
2

i = q
aij
2 Ej, K

1
2
i FjK

− 1
2

i = q−
aij
2 Fj,

EiFj − (−1)p(i)p(j)FjEi = δij
Ki−K−1

i

q−q−1
E2

0 = E2
1 = E2

2 = E2
3 = 0,

[E2, [[E1, E2]+,q, E3]−,q−1 ]+,1 = 0, [E3, [[E2, E3]+,q−1 , E0]−,q]+,1 = 0,
[E0, [[E3, E0]+,q, E1]−,q−1 ]+,1 = 0, [E1, [[E0, E1]+,q−1 , E2]−,q]+,1 = 0,
F 2

0 = F 2
1 = F 2

2 = F 2
3 = 0,

[F2, [[F1, F2]+,q, F3]−,q−1 ]+,1 = 0, [F3, [[F2, F3]+,q−1 , F0]−,q]+,1 = 0,
[F0, [[F3, F0]+,q, F1]−,q−1 ]+,1 = 0, [F1, [[F0, F1]+,q−1 , F2]−,q]+,1 = 0,

[E1,
(
ad−,1([E2, [E1, [E3, E0]+,q]−,q−1 ]+,1)

)m

(E3)]+,1 = 0,

[F1,
(
ad−,1([F2, [F1, [F3, F0]+,q]−,q−1 ]+,1)

)m

(F3)]+,1 = 0,

[E2,
(
ad−,1([E3, [E2, [E0, E1]+,q−1 ]−,q]+,1)

)m

(E0)]+,1 = 0,

[F2,
(
ad−,1([F3, [F2, [F0, F1]+,q−1 ]−,q]+,1)

)m

(F0)]+,1 = 0,


for m ≥ 1

(see above for the notation ad−,1) �
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Theorem 2.4. Keep the notation as in the Theorem 2.3. For 1 ≤

i ≤ 3 and m ≥ 1, define the elements h̃i,m, h̃i,m ∈ Uq(ŝl(2|2),
1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

)
by

h̃i,m = (−1)im[Ei, T
m
ωi

(K−1
i Fi)]+,1−(q−q−1)

m−1∑
k=1

k(−1)i(m−k)

m
h̃i,k[Ei, T

m−k
ωi

(K−1
i Fi)]+,1,

h̃i,−m = (−1)im[Fi, T
m
ωi

(EiKi)]+,1+(q−q−1)
m−1∑
k=1

k(−1)i(m−k)

m
h̃i,−k[Fi, T

m−k
ωi

(EiKi)]+,1.

Then Uq(A
(1)(1, 1),

1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

) is the quotient algebra Uq(ŝl(2|2),
1 2

0

3

−1 1

1 −1

��
��

× �× ��
��

×

�×

)/J ,
where J is the ideal generated by

h̃1,m + h̃3,m

and
h̃1,−m + h̃3,−m

for m ≥ 1.

�
Remark. In my paper, H. Yamane: Errata to “On defining relations

of affine Lie superalgebras and affine quantized universal enveloping su-
peralgebras”, Publ. RIMS Kyoto Univ., 37 (2001), 615–619, there has
still existed misprint. The (QS4)(19) should be modified into

(QS4)(19) [E1, T
−m
ω3

(E3)] = 0, Z1([E1, T
−m
ω3

(E3)]) = 0 (m ≥ 1) if
(E , Π, p) is an unusual datum of (A(1, 1)(1))H type.

13



2.3. Defining relations of Uq(D
(1)(2, 1; x),

1

2

0

3

x 1

1 x

−x − 1

−x − 1
��

�
�
��

×�
�

�×
�

�
��

�
�

��

×

�×

) (x �= 0,−1)

Theorem 2.5. Assume x �= 0,−1. Define the Cartan matrix A =
(aij) and the parity p(i) of D(1)(2, 1; x), the affine Lie superalgebra whose

Dynkin diagram is
1

2

0

3

x 1

1 x

−x − 1

−x − 1
��

�
�
��

×�
�

�×
�

�
��

�
�

��

×

�×

, by the following.

A =


a00 a01 a02 a03

a10 a11 a12 a13

a20 a21 a22 a23

a30 a31 a32 a33

 :=


0 1 −x − 1 x
1 0 x −x − 1

−x − 1 x 0 1
x −x − 1 1 0


p(0) := p(1) := p(2) := p(3) := 1.

Then the defining relations of Uq(D
(1)(2, 1; x)) = Uq(D

(1)(2, 1; x),
1

2

0

3

x 1

1 x

−x − 1

−x − 1
��

�
�
��

×�
�

�×
�

�
��

�
�

��

×

�×

)
satisfied by the generators

σ, K
± 1

2
0 , K

± 1
2

1 , K
± 1

2
2 , K

± 1
2

3 , E0, E1, E2, E3, F0, F1, F2, F3,

are the following.
σ2 = 1, σK

± 1
2

i σ = K
± 1

2
i , σEiσ = (−1)p(i)Ei, σFiσ = (−1)p(i)Fi,

K
1
2
i K

− 1
2

i = K
− 1

2
i K

1
2
i = 1, K

1
2
i K

1
2
j = K

1
2
j K

1
2
i

K
1
2
i EjK

− 1
2

i = q
aij
2 Ej, K

1
2
i FjK

− 1
2

i = q−
aij
2 Fj,

EiFj − (−1)p(i)p(j)FjEi = δij
Ki−K−1

i

q−q−1
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E2
0 = E2

1 = E2
2 = E2

3 = 0,
qx+1−q−x−1

q−q−1 [[E1, E2]+,q−x , E3]−,qx + qx−q−x

q−q−1 [[E1, E3]+,qx+1 , E2]−,qx = 0,
qx+1−q−x−1

q−q−1 [[E0, E1]+,q−1 , E2]−,q + [[E0, E2]+,qx+1 , E1]−,q−x−1 = 0,
qx−q−x

q−q−1 [[E0, E1]+,q−1 , E3]−,q − [[E0, E3]+,q−x , E1]−,qx = 0,
qx−q−x

q−q−1 [[E0, E2]+,qx+1 , E3]−,q−x−1 + qx+1−q−x−1

q−q−1 [[E0, E3]+,q−x , E2]−,qx = 0,



F 2
0 = F 2

1 = F 2
2 = F 2

3 = 0,
qx+1−q−x−1

q−q−1 [[F1, F2]+,q−x , F3]−,qx + qx−q−x

q−q−1 [[F1, F3]+,qx+1 , F2]−,qx = 0,
qx+1−q−x−1

q−q−1 [[F0, F1]+,q−1 , F2]−,q + [[F0, F2]+,qx+1 , F1]−,q−x−1 = 0,
qx−q−x

q−q−1 [[F0, F1]+,q−1 , F3]−,q − [[F0, F3]+,q−x , F1]−,qx = 0,
qx−q−x

q−q−1 [[F0, F2]+,qx+1 , F3]−,q−x−1 + qx+1−q−x−1

q−q−1 [[F0, F3]+,q−x , F2]−,qx = 0,

�

2.4. Defining relations of Uq(G
(1)(3),

0 1 2 3
� �× �< �)

Theorem 2.6. Define the Cartan matrix A = (aij) and the par-
ity p(i) of G(1)(3), the affine Lie superalgebra whose Dynkin diagram is

0 1 2 3
� �× �< �, by the following.

A =


a00 a01 a02 a03

a10 a11 a12 a13

a20 a21 a22 a23

a30 a31 a32 a33

 :=


−8 4 0 0
4 0 −1 0
0 −1 2 −3
0 0 −3 6


p(0) := p(2) := p(3) := 0, p(1) := 1.

Then the defining relations of Uq(G
(1)(3)) = Uq(G

(1)(3),
0 1 2 3
� �× �< �)

satisfied by the generators

σ, K
± 1

2
0 , K

± 1
2

1 , K
± 1

2
2 , K

± 1
2

3 , E0, E1, E2, E3, F0, F1, F2, F3,
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are the following.
σ2 = 1, σK

± 1
2

i σ = K
± 1

2
i , σEiσ = (−1)p(i)Ei, σFiσ = (−1)p(i)Fi,

K
1
2
i K

− 1
2

i = K
− 1

2
i K

1
2
i = 1, K

1
2
i K

1
2
j = K

1
2
j K

1
2
i

K
1
2
i EjK

− 1
2

i = q
aij
2 Ej, K

1
2
i FjK

− 1
2

i = q−
aij
2 Fj,

EiFj − (−1)p(i)p(j)FjEi = δij
Ki−K−1

i

q−q−1

E2
1 = 0, [E0, E2]−,1 = 0, [E0, E3]−,1 = 0, [E1, E3]−,1 = 0,

[E0, [E0, E1]−,q−4 ]−,q4 = 0, [E2, [E2, E1]−,q]−,q−1 = 0,
[E2, [E2, [E2, [E2, E3]−,q3 ]−,q]−,q−1 ]−,q−3 = 0, [E3, [E3, E2]−,q3 ]−,q−3 = 0,
q2−q−2

q−q−1 [[[[[E0, E1]+,q−4 , E2]−,q, E3]−,q3 , E1]+,q−3 , E2]−,q3

− q3−q−3

q−q−1 [[[[[E0, E1]+,q−4 , E2]−,q, E3]−,q3 , E2]+,q2 , E1]−,q−2 = 0,



F 2
1 = 0, [F0, F2]−,1 = 0, [F0, F3]−,1 = 0, [F1, F3]−,1 = 0,

[F0, [F0, F1]−,q−4 ]−,q4 = 0, [F2, [F2, F1]−,q]−,q−1 = 0,
[F2, [F2, [F2, [F2, F3]−,q3 ]−,q]−,q−1 ]−,q−3 = 0, [F3, [F3, F2]−,q3 ]−,q−3 = 0,
q2−q−2

q−q−1 [[[[[F0, F1]+,q−4 , F2]−,q, F3]−,q3 , F1]+,q−3 , F2]−,q3

− q3−q−3

q−q−1 [[[[[F0, F1]+,q−4 , F2]−,q, F3]−,q3 , F2]+,q2 , F1]−,q−2 = 0.

�

2.5 The defining relations of Uq(B
(1)(1, 1),

0 1 2
�=⇒ �×=⇒ �)

Theorem 2.7. Define the Cartan matrix A = (aij) and the parity
p(i) of B(1)(1, 1), the affine Lie superalgebra whose Dynkin diagram is
0 1 2
�=⇒ �×=⇒ �, by the following.

A =

 a00 a01 a02

a10 a11 a12

a20 a21 a22

 =

 −4 2 0
2 0 −1
0 −1 1


p(0) = p(2) = 1, p(1) = 0.
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Then the defining relations of Uq(B
(1)(1, 1)) = Uq(B

(1)(1, 1),
0 1 2
�=⇒ �×=⇒ �)

satisfied by the generators

σ, K
± 1

2
0 , K

± 1
2

1 , K
± 1

2
2 , E0, E1, E2, F0, F1, F2,

are the following.


σ2 = 1, σK

± 1
2

i σ = K
± 1

2
i , σEiσ = (−1)p(i)Ei, σFiσ = (−1)p(i)Fi,

K
1
2
i K

− 1
2

i = K
− 1

2
i K

1
2
i = 1, K

1
2
i K

1
2
j = K

1
2
j K

1
2
i

K
1
2
i EjK

− 1
2

i = q
aij
2 Ej, K

1
2
i FjK

− 1
2

i = q−
aij
2 Fj,

EiFj − (−1)p(i)p(j)FjEi = δij
Ki−K−1

i

q−q−1
E2

1 = 0, [E0, E2]−,1 = 0, [E0, [E0, E1]−,q2 ]−,q−2 = 0,
[E2, [E2, [E2, E1]−,q]−,1]−,q−1 = 0,(
[[E2, E1]−,q, [[E2, E1]−,q, [[E2, E1]−,q, E0]−,q−2 ]+,q−1 ]−,1

+(q − 1 + q−1)[E1, [[E2, E1]−,q, [E2, [E2, [E1, E0]−,q]−,q−2 ]−,q2 ]−,q−1 ]−,q3

)
= 0,


F 2

1 = 0, [F0, F2]−,1 = 0, [F0, [F0, F1]−,q2 ]−,q−2 = 0,
[F2, [F2, [F2, F1]−,q]−,1]−,q−1 = 0,(
[[F2, F1]−,q, [[F2, F1]−,q, [[F2, F1]−,q, F0]−,q−2 ]+,q−1 ]−,1

+(q − 1 + q−1)[F1, [[F2, F1]−,q, [F2, [F2, [F1, F0]−,q]−,q−2 ]−,q2 ]−,q−1 ]−,q3

)
= 0,

�

2.6 The defining relations of Uq(A
(2)(1, 3),

0 1 2 3
�=⇒ � �×⇐= �)

Theorem 2.8. Define the Cartan matrix A = (aij) and the parity
p(i) of A(2)(1, 3), the affine Lie superalgebra whose Dynkin diagram is
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0 1 2 3
�=⇒ � �×⇐= �, by the following.

A =


a00 a01 a02 a03

a10 a11 a12 a13

a20 a21 a22 a23

a30 a31 a32 a33

 :=


4 −2 0 0
−2 2 −1 0
0 −1 0 2
0 0 2 4


p(0) := p(1) := p(3) := 0, p(2) := 1.

Then the defining relations of Uq(A
(2)(1, 3)) = Uq(A

(2)(1, 3),
0 1 2 3
�=⇒ � �×⇐= �)

satisfied by the generators

σ, K
± 1

2
0 , K

± 1
2

1 , K
± 1

2
2 , K

± 1
2

3 , E0, E1, E2, E3, F0, F1, F2, F3,

are the following.
σ2 = 1, σK

± 1
2

i σ = K
± 1

2
i , σEiσ = (−1)p(i)Ei, σFiσ = (−1)p(i)Fi,

K
1
2
i K

− 1
2

i = K
− 1

2
i K

1
2
i = 1, K

1
2
i K

1
2
j = K

1
2
j K

1
2
i

K
1
2
i EjK

− 1
2

i = q
aij
2 Ej, K

1
2
i FjK

− 1
2

i = q−
aij
2 Fj,

EiFj − (−1)p(i)p(j)FjEi = δij
Ki−K−1

i

q−q−1

E2
2 = 0, [E0, E2]−,1 = 0, [E0, E3]−,1 = 0, [E1, E3]−,1 = 0,

[E0, [E0, E1]−,q2 ]−,q−2 = 0, [E1, [E1, [E1, E0]−,q2 ]−,1]−,q−2 = 0,
[E1, [E1, E2]−,q]−,q−1 = 0, [E3, [E3, E2]−,q−2 ]−,q2 = 0,(
[[[E2, [E3, [E2, E1]−,q]−,q−2 ]+,q−1 , [E2, [E3, [E2, [E1, E0]−,q2 ]−,q]−,q−2 ]+,q−1 ]+,1]−,q2

−(q + q−1)
(
[[[E2, E1]−,q, [[E3, [E2, E1]−,q]+,q−2 ,

[E2, [E3, [E2, [E1, E0]−,q2 ]−,q]−,q−2 ]+,q−1 ]−,q]−,q−1

))
= 0,
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F 2
2 = 0, [F0, F2]−,1 = 0, [F0, F3]−,1 = 0, [F1, F3]−,1 = 0,

[F0, [F0, F1]−,q2 ]−,q−2 = 0, [F1, [F1, [F1, F0]−,q2 ]−,1]−,q−2 = 0,
[F1, [F1, F2]−,q]−,q−1 = 0, [F3, [F3, F2]−,q−2 ]−,q2 = 0,(
[[[F2, [F3, [F2, F1]−,q]−,q−2 ]+,q−1 , [F2, [F3, [F2, [F1, F0]−,q2 ]−,q]−,q−2 ]+,q−1 ]+,1]−,q2

−(q + q−1)
(
[[[F2, F1]−,q, [[F3, [F2, F1]−,q]+,q−2 ,

[F2, [F3, [F2, [F1, F0]−,q2 ]−,q]−,q−2 ]+,q−1 ]−,q]−,q−1

))
= 0,

�

Remark. There exist misprints in (QS4)(9). In (QS4)(9), [ should be
replaced by [[, and ] should be replaced by ]].

2.7 The defining relations of Uq(ŝl(m + 1|n + 1)) with m + n + 2 ≥ 5 or
with m = 2, n = 0

Unless m = n = 1, ŝl(m+1|n+1) is the universal central extension of

A(1)(m, n). Notice that ŝl(m+1|n+1) �= A(1)(m, n) if and only if m = n.

Notation: Let f : Z → Z/(m + n + 2)Z be the natural surjective
additive group homomorphism, where Z/(m+n+2)Z is the cyclic group
of order m + n + 2. In particular, f(i + m + n + 2) = f(i). Let V be an
m + n + 3-dimensional C-vector space with basis {εf(i)|i ∈ Z} ∪ {δ}. Let
( , ) be a symmetric bilinear form on V such that (εf(i), εf(i)) ∈ {1,−1},
and (εf(i), εf(j)) = 0 for f(i) �= f(j), and (δ, δ) = (δ, εf(i)) = 0. As-
sume that the number of the elements εf(i) such that (εf(i), εf(i)) = 1
is exactly m + 1. Define m + n + 2 elements {αf(i)|i ∈ Z} of V by
αf(i) = εf(i)−εf(i+1) +δf(i),f(0)δ (Here δf(i)f(0) is the Kronecker delta, i.e.,
δf(0),f(0) = 1 and δf(0),f(i) = 0 (f(0) �= f(i))). Let aij := (αf(i), αf(j)) and

p(i) :=
(αf(i),αf(i))

2

4
∈ {0, 1}.

Theorem 2.9. Keep the notation as above. Assume that m+n+2 ≥
5 or assume that m + n + 2 = 4 and m �= n. Then the defining relations
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of Uq(ŝl(m+1|n+1), f) = Uq(ŝl(m+1|n+1)) satisfied by the generators

σ, K
± 1

2

f(i), Ef(i), Ff(i) (i ∈ Z)

are the following.
σ2 = 1, σK

± 1
2

f(i)σ = K
± 1

2

f(i), σEf(i)σ = (−1)p(i)Ef(i), σFf(i)σ = (−1)p(i)Ff(i),

K
1
2

f(i)K
− 1

2

f(i) = 1, K
1
2

f(i)K
1
2

f(j) = K
1
2

f(j)K
1
2

f(i)

K
1
2

f(i)Ef(j)K
− 1

2

f(i) = q
aij
2 Ef(j), K

1
2

f(i)Ff(j)K
− 1

2

f(i) = q−
aij
2 Ff(j),

Ef(i)Ff(j) − (−1)p(i)p(j)Ff(j)Ef(i) = δij

Kf(i)−K−1
f(i)

q−q−1

Ef(i)Ef(j) − (−1)p(i)p(j)Ef(i)Ef(j) = 0 if aij = 0 and f(i) �= f(j),
E2

f(i) = 0 if aii = 0,

[Ef(i), [Ef(i), Ef(i+1)]−,q]−,q−1 = 0, [Ef(i), [Ef(i), Ef(i−1)]−,q]−,q−1 if aii �= 0,(
Ef(i)

(
Ef(i−1)Ef(i)Ef(i+1) − (−1)p(i−1)q−ai−1,iEf(i)Ef(i−1)Ef(i+1)

−(−1)p(i+1)(1+p(i−1))q−ai+1,iEf(i+1)Ef(i−1)Ef(i)

+(−1)p(i−1)+p(i+1)+p(i−1)p(i+1)Ef(i+1)Ef(i)Ef(i−1)

)
+(−1)p(i−1)+p(i+1)

(
Ef(i−1)Ef(i)Ef(i+1) − (−1)p(i−1)q−ai−1,iEf(i)Ef(i−1)Ef(i+1)

−(−1)p(i+1)(1+p(i−1))q−ai+1,iEf(i+1)Ef(i−1)Ef(i)

+(−1)p(i−1)+p(i+1)+p(i−1)p(i+1)Ef(i+1)Ef(i)Ef(i−1)

)
Ef(i)

)
= 0 if aii = 0
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Ff(i)Ff(j) − (−1)p(i)p(j)Ff(i)Ff(j) = 0 if aij = 0 and f(i) �= f(j),
F 2

f(i) = 0 if aii = 0,

[Ff(i), [Ff(i), Ff(i+1)]−,q]−,q−1 = 0, [Ff(i), [Ff(i), Ff(i−1)]−,q]−,q−1 if aii �= 0,(
Ff(i)

(
Ff(i−1)Ff(i)Ff(i+1) − (−1)p(i−1)q−ai−1,iFf(i)Ff(i−1)Ff(i+1)

−(−1)p(i+1)(1+p(i−1))q−ai+1,iFf(i+1)Ff(i−1)Ff(i)

+(−1)p(i−1)+p(i+1)+p(i−1)p(i+1)Ff(i+1)Ff(i)Ff(i−1)

)
+(−1)p(i−1)+p(i+1)

(
Ff(i−1)Ff(i)Ff(i+1) − (−1)p(i−1)q−ai−1,iFf(i)Ff(i−1)Ff(i+1)

−(−1)p(i+1)(1+p(i−1))q−ai+1,iFf(i+1)Ff(i−1)Ff(i)

+(−1)p(i−1)+p(i+1)+p(i−1)p(i+1)Ff(i+1)Ff(i)Ff(i−1)

)
Ff(i)

)
= 0 if aii = 0

�

2.8 A PBW theorem (or a topological freeness) of Uq(ŝl(m + 1|n + 1))
with m + n + 2 ≥ 5 or with m = 2, n = 0

Lemma 2.10 (Vector representation). Assume m + n ≥ 1. Denote

Uq = Uq(ŝl(m+1|n+1), f). Let F := C(q
1
2 ). Let V ′ be the subspace of V

spanned by εf(i)’s. Let M := EndK(V ′⊗C K)⊗K K[t, t−1]. Then there ex-
ists a homomorphism ρ : Uq → M such that ρ(σ)εf(i) = (εf(i), εf(i))εf(i),

ρ(K
± 1

2

f(i))εf(j) = q±
1
2
(αf(i),εf(j))εf(j), ρ(Ef(i))εf(j) = δf(i+1),f(j)t

δf(i),f(0)(εf(i), εf(i))εf(i)

and ρ(Ff(i))εf(j) = δf(i),f(j)t
−δf(i),f(0)εf(i+1).

Let

(Rre)+ := {εf(i) − εf(j) + kδ ∈ V | k ∈ Z+, 1 ≤ j − i ≤ m + n + 1 },

(Rre
odd)

+ := {β ∈ (Rre)+ | (β, β) = 0 }, (Rre
even)

+ := (Rre)+ \ (Rre
odd)

+ and

(R̃im)+ := {(kδ, i) ∈ V × {1, . . . , m + n + 1} | k ∈ N }.
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Theorem 2.11 (A PBW theorem). Keep the notation of Lemma
2.10. Let U+

q (respectively U−
q , respectively U0

q ) be the subalgebra of Uq

generated by Ef(i)’s (respectively Ff(i)’s, respectively σ and K
± 1

2

f(i)’s). Then
we have the following.

(1) Uq
∼= U+

q ⊗ U0
q ⊗ U−

q as K-vector spaces, and

{K
x0
2

f(0) · · ·K
xm+n+1

2

f(m+n+1)σ
c |xi ∈ Z, c ∈ {0, 1} } form a K-basis of U0

q . More-

over the K-algebra U+
q (respectively U−

q ) is also presented by the genera-
tors Ef(i) (respectively Ff(i)) and the same defining relations in Theorems
2.1, 2.3 and 2.9.

(2) For each β = εf(i)−εf(j)+kδ ∈ (Rre)+, choose an Eβ ∈ U+
q so that

ρ(Eβ) = Ef(i)f(j) ⊗ tk. For each (kδ, i) ∈ (R̃im)+, choose an E(kδ,i) ∈ U+
q

so that ρ(E(kδ,i)) = ((εf(i), εf(i))Ef(i)f(i)−(εf(i+1), εf(i+1))Ef(i+1)f(i+1))⊗tk.
Then the elements ∏

µ∈(Rre)+∪(R̃im)+

Exµ
µ ,

where xβ ∈ Z+ if β ∈ (Rre
even)

+; xβ ∈ {0, 1} if β ∈ (Rre
odd)

+; x(kδ,i) ∈ Z+

if (kδ, i) ∈ (R̃im)+, form a K-basis of U+
q . Here the product is in a pre-

determined total order.

Proof. (1) This can be proved in a standard way.

(2) Notice that the Eµ exists for every µ ∈ (Rre)+ ∪ (R̃im)+. We
can show in the same manner as in [Y1] that a standard coproduct
∆ : Uq → Uq ⊗ Uq exists. Then, by using induction and by using the
homomorphisms ρn ◦ ∆(n−1) : Uq → M⊗n for all n, the elements in the
statement are linearly independent.

Let U+
1 be the C-algebra defined with the generators Ef(i) and the

defining relations obtained from those of Uq in Theorems 2.1, 2.3 and 2.9
by putting q = 1. We have known the fact that U+

1 is isomorphic to the

universal enveloping algebras of a positive part of ŝl(m + 1|n + 1), which
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implies that

dimK(U+
q )µ ≤ dimC(U+

1 )µ (2.1)

for every µ ∈ ⊕m+n+1
i=0 Zαf(i), where (U+

q )µ and (U+
1 )µ denote the weight

spaces of the weight µ. However, by the fact shown in the last paragraph,
we see that the inequality in (2.1) is indeed the equality. This completes
the proof. �.
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